Conic Sections Lesson #1:
Introducing Conic Sections

The Double-Napped Cone

A cone is a solid which can be generated by rotating a right angled triangle
about one of its legs.

A double-napped cone is formed when the vertices of two cones are
placed together. For example, we can make a double-napped cone by:

* taking two water cups shaped as cones and placing their tips against
each other, or,

* placing a lecture pointer stick between your thumb and finger, holding it
vertically in front of you, and then rotating it so that the top of the
pointer and the bottom of the pointer form circles.

In general, a double-napped cone is produced by rotating an oblique line (called the
generator) about an axis.

If the line is parallel to the generator, a cylinder is formed. This case will be discussed later.

A double-napped cone consists of the following parts: generator, upper nappe,
lower nappe, vertex, axis of symmetry (called the central axis), generator angle, and
vertex angle.

K15 of

Class Ex.#1 | Label the following on the diagram. Symme 3 y

a) the generator %

b) upper nappe

vpper
nurpe

¢) lower nappe

d) vertex genera}or
ang le
e) axis of symmetry

f) generator angle Jower

nkjpe

g) vertex angle
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Conic Sections

Conic sections are two dimensional figures which can be formed by a plane slicing a
double-napped cone (or a cylinder).

Much of the work in this area of mathematics was discovered by the Greek mathematician
Apollonius in about 200 B.C. He discovered that the intersection of a plane and a
double-napped cone could result in one of four different conic sections, called

the primary conic sections, according to the angle of intersection.

The Primary Conics Generated from a Double-Napped Cone

The angle of intersection between a cutting plane and a cone is defined as the angle
between the central axis and the cutting plane.

If we take a plane and cut a double-napped cone at different angles to the axis and not through
the vertex, we generate the primary conics illustrated below.

Circle 1If the plane cuts the cone such that the plane is perpendicular to
the central axis, then the primary conic generated is a circle.

Ellipse  If the plane cuts the cone such that

* the plane is neither perpendicular nor parallel to the axis,
a
* the angle of intersection is greater than the generator angle,

then the primary conic generated is an ellipse.

Parabola 1f the plane cuts the cone such that the plane is parallel to the
generator, then the primary conic generated is a parabola.

Hyperbola 1f the plane cuts the cone such that the angle of intersection is
less than the generator angle, then the primary conic generated
is a hyperbola. In this case, the cutting plane intersects both
nappes of the cone.
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Describing a Primary Conic by the Cutting Plane and Central Axis

Conic sections can be determined from the angle formed by the cutting plane and the central
axis of a double napped cone.

A plane intersects a double-napped cone. The primary conic produced if the plane does not
pass through the vertex and cuts the cone;

a) perpendicular to the axisis @ Clccle .

b) atan angle equal to the generator angle is @ p& rabola .

¢) parallel to the axis is & l‘\#grhgln.

d) at an angle greater than the generator angle is @0 ell \pse .
e) atan angle less than the generator angle is @ \\11 gfhn le.

The vertex angle of a double-napped cone is 80°. The angle between
the cutting plane and the central axis is x. Determine the value,
or range of values, of x which would generate

a) acicle x=Q4q° b) aparabola >t = hD’
L ] o
c) anellipse 4,0 tX 290  d) ahyperbola ¢° & % & L0

In the diagram ¢ is the angle between the axis and the
generator. Let O be the angle between the cutting plane and
the axis.

For each of the primary conics, describe the relationship
between ¢ and 6.

Circle 6 =90
pnrcbo\n G =t
ellipse o ¢ & £Qqp”

hypechola  0° & B ¢l

Consider a cutting plane intersecting a double-napped cone at an angle just greater than the
generator angle.

a) Which conic section is generated?  b) What happens to the shape of this conic as
the angle between the cutting plane and

inrst the axis increases towards 90°?
What h t90°?
c) at happens at 9 Q“lpﬂ bet.omei more anll more
ellipse becomes a carele Cirenlar in Shape

* As the cutting plane gets closer and closer to 90°, the ellipse gets more and more circular
until the limiting case of the ellipse is the circle.
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The Primary Conics Generated from a Cylinder

A double-napped cone is produced by Double-Napped Cone Cylinder
rotating an oblique line (called the generator) \—p | .
1 generator d)
\‘ !

about an axis.
A cylinder is produced if the generator is generator
parallel to the axis.

axis axis

A cylinder can also be regarded as the
limiting case of a cone where the vertex
is stretched to infinity.

Two of the primary conics (the circle and the ellipse) can be modelled from a cylinder.
Circle

When a plane cuts through a cylinder perpendicular to the axis, a
circle is produced.

Ellipse

When a plane cuts through a cylinder neither perpendicular nor
parallel to the axis, an ellipse is produced.

Warm-Up

Consider the situation where a plane cuts a cone perpendicular to the axis.
a) Which primary conic section is generated? ciecle

b) What happens to this conic section as the cutting plane gets closer and closer to the
?
VXS $he carcle gets smaller as the redws decreases
¢) What happens to this conic section when the cutting plane passes through the vertex?

14+ becomes a poiat
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The Degenerate Conics from a Double-Napped Cone

In the Warm-Up we saw that as the cutting plane moves closer and closer to the vertex,
the circle gets smaller and smaller until eventually, when it passes through the vertex, the circle
degenerates into a point. The degenerate conics are listed below.

Point

When a plane cuts a cone at an angle greater than the generator angle and
passes through the vertex, a point results.
The point is a degenerate conic of a circle or an ellipse.

A Single Line

When a plane parallel to the generator passes through the
vertex, a single line results.
The single line is a degenerate conic of a parabola.

Two Intersecting Lines

When a plane cuts through the vertex and through both nappes of the
cone, two intersecting lines result.
Two intersecting lines is the degenerate conic of a hyperbola.

* Notice that the degenerate conics formed from a double-napped cone
only occur when the cutting plane passes through the vertex.

The Degenerate Conics from a Cylinder

Consider the intersection of a cylinder and a cutting plane parallel to the generator.

A Single Line
When the plane is tangent to the curved surface of a cylinder, a single line is
produced.

Two Parallel Lines

When the plane cuts through a cylinder parallel to the axis, the result is
two parallel lines.

No Graph (or No Locus)

When the plane does not intersect a cylinder, then there is no graph
(or no locus).

* Since the cutting plane is parallel to the generator, the degenerate conics of
a single line, two parallel lines, and no graph are regarded as degenerates
of a parabola.
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Complete Assignment Questions #1 - #20

Assignment

1. List: a) all the primary conic sections. b) all the degenerate conics. :
Circle ellipse poiat Slna‘! hee 4w Parcne\ [nes

perabola hyperboln +vio inteciechag haes | no [ocus
2. Consider a double-napped cone whose central axis is vertical. Name the conic section
produced in each case:
a) when a plane intersects the cone parallel to the base of the cone and does not pass
through the vertcx‘.
ciecie

b) when a plane intersects both nappes of a double-napped cone and does not pass through
the vertex. N
yper bola

¢) when a plane intersects one nappe of a double-napped cone and is parallel to
" the generator.

pe.fqb ola

d) when a plane intersects one nappe of a double-napped cone and is not parallel to
the generator.
elhipse

e) when a horizontal plane passes through the vertex. Po it

f) when an oblique plane passes through the vertex and contains the generator of
a double-napped cone. l
Ine
g) when a plane is parallel to the axis of a double-napped cone and does not pass through
the vertex. h
yper bola
h) when a plane is parallel to the axis of a double-napped cone and passes through
the vertex. v
+\|Io inder ICC'I'mS hng;
i) when a plane intersects a double-napped cone perpendicular to the axis of the cone and
does not pass through the vertex.

Ciecle
3. How would you cut a double-napped cone to produce:

a) acircle . b) an ellipse -H.:“s}, ont nappe ot enangle
perpendiculer 4o +he axus Greater then the generatr angle and less
cnd aot +hrou3\. e vertex. than 90° cod not Hsrusk $he veckev.

¢) aparabola d) ahyperbola theough both nappesat on
parcllel +o +he geaerator and ansle bekween 0° and khe apaerator angle
not through the verdey. and aot theough the vertey (intl. 0°)

e) asingle line f) two intersecting lines ‘H\rousk beth nappes
parallel +» the 5e necator at on asgle betueen 0° and the ?nern-hr
and theough the vertew Gngle cnd +through the vectey .

g) apoint
*I'l\rous\\ Fhe vecter af en anglt behyeen
+he 5enern-\or cr\s\e ant °lD° (md. %°)
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4. Which conic section(s) cannot be generated unless you consider the intersection of a plane
and a cylinder?
two parallel haes

5. Which conic section(s) cannot be generated unless the plane intersects both nappes of a
double-napped cone? )
\'\\Iper bola , two m-\'er.itc-lmj lines

6. Which conics (including degenerates) can be generated by the intersection of a plane
and a cylinder?
ciecle

7. A cone is formed by rotating a right isosceles triangle about one of the equal sides. Which
primary conic section is produced if this cone is intersected by a plane at 45° to the axis of

the cone? A he th‘thj plane 1S pacellel 4o +he sene{n-}er
us°

| arebo la
8. A flashlight is pointed at a wall so that the angle between the beam and the wall is 65°.

a) Which conic section is produced? elly pst

ellipie | Single hine | Fwo porallel haes | oo locus

b) How would you adjust the angle of the beam to produce a circle on the wall?
L}
odjust +he angle to A0

9. a) A plane (not through the vertex) intersects a double-napped cone perpendicular to the
axis of the cone. This plane is slowly rotated through an angle of 90° forming different
conics as it rotates. In which order are the four primary conic sections produced?

Circle J E\\\Pse , Parnho\e: L,'arlola

b) A plane (through the vertex) intersects a double-napped cone perpendicular to the axis
of the cone. This plane is slowly rotated through an angle of 90° forming different
conics as it rotates. In which order are the degenerate conic sections produced?

pornt | Single hae duo yatersecking lines

Y 10. Which of these is a limiting case of an ellipse?

Choice

A. two parallel lines B. two intersecting lines
a circle D. asingle line

11. Which of the following is not a degenerate conic?

A. two parallel lines B.  two intersecting lines
a cylinder D. asingle line

12. A parabola is produced by cutting a cone parallel to the generator. What happens to the
parabola as the cutting plane moves closer to the vertex?

A. it becomes wider it becomes narrower
C. itisunchanged D. it becomes an ellipse
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Questions 13-16 are based on the following information

A double-napped cone is formed by rotating a line (the generator) about
a vertical axis.

The angle between the axis and the generator is 20°.
A plane intersects the double-napped cone at an angle of 6.

13. In order for the conic section produced to be a hyperbola which must be true?

0°<6 <20° B. 6=20°
C. 20°<6< 90° D. 6=90°
14. In order for the conic section produced to be a parabola which must be true?
A. 0°<0<20° (B) 6=20°
C. 20°<0< 90° D. 6 =90°

15. In order for the conic section produced to be a circle which must be true?
A. 0°<6<20° ' 6 =20°

B.
C. 20°<B< 90° 0 =90°

16. In order for the conic section produced to be an ellipse which must be true?

A. 0°£6 <20° B. 6=20°
@ 20°<H< 90° D. 6=90
17. The degenerate of a hyperbola is
A. two parallel lines e two intersecting lines
C. apoint D. asingle line

18. A degenerate of a circle or ellipse is
A. two parallel lines two intersecting lines

BI
@ a point D. asingle line

19. A degenerate of a parabola is
A. acircle B. two intersecting lines

C. apoint a single line

20. If the vertex of a double-napped cone is extended infinitely, the limiting position of the
cone is

A. acircle B. aline
C. apoint a cylinder
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Answer Key

1. a) primary :ellipse, circle, parabola, hyperbola
b) degenerate : point, single line, two parallel lines, two intersecting lines, no locus

2. a) circle b) hypérbola ¢) parabola d) ellipse or circle  e) point
f) line g) hyperbola h) two intersecting lines i) circle
3. a) perpendicular to the axis and not through the vertex
b) through one nappe at an angle greater than the generator angle and less than 90° and not
through the vertex
c¢) parallel to the generator and not through the vertex
d) through both nappes at an angle between 0° and the generator angle and not through the vertex
e) parallel to the generator and through the vertex
f) through both nappes at an angle between 0° and the generator angle and through the vertex
g) through the vertex at an angle greater than the generator angle and less than or equal to 90°
4. two parallel lines 5. hyperbola, two intersecting lines
6. circle, ellipse, single line, two parallel lines, no locus 7. parabola
8. a) ellipse b) adjust the angle to 90°
9. a) circle, ellipse, parabola, hyperbola b) point, single line, two intersecting lines
10. € 11.. € 12. B 13. A 14. B 15.
16: C 17. B 18. C 19. D 20. D
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Conic Sections Lesson #2:
The Equation of a Conic Section in General Form

The General Form of the Equation of a Conic Section

The general form for the equation of a straight line is y = mx + b.
The general form for the equation of a quadratic function is y = ax® + bx + c.

The general form for the equation of a conic section (also called a quadratic relation) is
Ax*+Bxy+ Cy*+ Dx+Ey+F=0, where A, B, C, D, E, F € K.

The letters A, B, C, D, E, and F are called parameters. The type of conic depends on the
values of the parameters.

In this unit, we will only consider conics where B = 0 and where A, B,C,D,E,F € I

General Form for a Quadratic Relation

Ax2+Cy2+Dx+Ey+F=0

Warm-Up #1 | Observations of the Parameters A and C

This warm-up will require the use of a computer with a graphing program
(eg. “Zap-A-Graph”) or a graphing calculator with a conics program.

Partl | A=C

a) Write the specified parameters in each case and sketch each graph.

Eauat_lon_l m_uanoﬂ ﬂumgn_a
x24+y2-9=0 x2+y%2-16=0 2x% +2y2-50=0
A= 1 A= | A= )

B= 0 B= 0 B= ¢

C= 1 C= 1| C= 2

D=0 D= o D= ¢

F=-q F=-\, F= =5y

b) Complete the following statement: ‘4

In the equation Ax? + Cy?’+Dx+Ey+F=0,

-
the conic produced when A =Cis g (1rc\e . b f %
<
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Part2 | A and C both have the same sign, with A # C, (i.e. AC>0)

a) Write the specified parameters in each case and sketch each graph.

Equation 1 Equation 2 Equation 3 Equation 4
22 +5y7-50=0 22-5y2425=0 5x2+2y2-50=0 -7x2-3y2+25=0

A= a A= =2 A= 5 A= -1
B= 0 B= 0 B= 0O =
C= g5 C=-5 C= 2 C=-3
D= 0 D= 0 D= 0 D= g
E= 0 E= 0 E= 0 E= o
F=-50 F=25 F=-50 F= 25
b) Complete the following statements: y‘“

* In the equation Ax* + Cy? + Dx + Ey + F =0,

the conic produced when AC >0is an elli pse . f;\

« When |4 < | C| the conic is a horlzontal ! \_/ i
ellipse and has a shape like K_,/g

* When |A | > | C| the conic is a vertical -51 =

_e_\_\_'LP_u_ and has a shape like O Y

Part3 | A and C have opposite signs,  (i.e. AC<0)

J

a) Write the specified parameters in each case and sketch each graph.

Equation 1 Equation 2 Eqguation 3 Equation 4
2% -5y2-50=0  -5x2+2y2-50=0 3x2-7y2+25=0 -7x2+3y2+25=0

A= 32 A= -5 A= 3 A= —1
B=( B= 0 B= 0 B= 0O
C=-5 C= 2 =] C= 3
D= 9] D= (6] D= 0 D= 0
E= ¢ E= 0o E= 0 E= o
F=-50 F=-59 F= 35 F= 2

b) Complete the following statements:
« In the equation Ax? + Cy*+Dx+ Ey+ F=0,
the conic produced when AC <0 is
a _hy pecbola.

* Bquations _| _and _L4 open along the
horizontal axis. B

* Equations _2_and _30pen along the B AR S
vertical axis.

I~

/%%

10

-

* If the values of A and C are interchanged,
and F is not changed then the direction of

opening Changes

-10L
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Partd4 | A=0,or C=0, but NOT BOTH (i.e. AC=0)

a) Write the specified parameters in each case and sketch each graph

x2+y-5=0 5x2-y +1=0 y?>+x-5=0 2% +3x-5=0
A= A=5 A= 0 A=0
B=0 B=0 B= o B=0
C=0 C=0 C=1 C=-2
D= ¢ D=0 D=1 D=3
E= | E=-~| E=0 E=0
F=-~5 F= ) F= -5 F=-5

b) Complete the following statements:

e Inthe equationAx2 + Cy2 +Dx+Ey+F=0,
the conic produced when AC =0

is & Fgcahglg. @ @
* When A =0 and C # 0, the conic STRREI S B o ottt

opens _ lef4 or cight

and has a shape like ) or C

e WhenA #0and C =0, the conic
opens up or _dpwn @

and has a shape like
U o N
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General Effects of the Parameter A and C

Circle

If A = C, then the conic is a circle.

Ellipse

If A # C and they have the same sign (i.e. AC > 0), the conic is an ellipse.

If|A| > |C[ then it takes the shape O

If|A| < |C| then it takes the shape O

The closer in value A is to C, the closer an ellipse is to a circle.

Hyperbola

If A and C have different signs (i.e. AC < 0), then the conic is a hyperbola.

If A and C are interchanged, and F remains constant,
the direction of opening will change.

The hyperbola has asymptotes which will be discussed in a later lesson.

Parabola

If A or C, not both, equal zero, then the conic is a parabola.

IfA#0and C=0,
then the parabola opens up, \_/ (eg. y=x2) or down, f\ (eg. y=—x?)

IfA=0and C#0,
then the parabola opens right, < (eg. x= y2 ) or left, > (eg. x= —y2 )

Although NOT part of the curriculum, the following two points may be of interest:

« All the conics in parts 1 to 3 of the Warm-Up have their “centre” located at the origin.
This is because the parameters D and E are both zero.
In general changing the parameters D and E will affect the location of the conic,
left or right (D), or up or down (E), from the origin.

* Changing the parameter F has a wide variety of effects, but generally involves a change in
size of the conic, which may result in a degenerate conic.
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| classEx. 11 || State the type of conic and sketch the approximate shape of the conic represented by each of
the following equations.

a) x> +3y?-6x+8y-90=0 AC>0Q A <«C ellipse -
b) 3x?+3y2 -~ 4x+5y-63=0 A =C ciecle O
¢) xX*-4x+y-20=0 AC:O AFO C:0  parabola /N

A quadratic relation has equation x> + 2y% - 6x— 4y - 16 =0.

a) Which type of conic is represented by the equation? ell 1") se

b) Determine the x and y-intercepts. Use the intercepts to make a sketch of the conic.

o 4 -m’refcep'h j -1ntecce pts J /

4
Yy =0 X 0 '
x =6 =16 =0 Ay~ Ly~ 16:0

iba

B

(x + 2)()("8) *0 2(y*-2y-8) 70

35+ (g0 N

Yiokeccegts =2, L _st
¢) The values of A and C are interchanged. v

.-I ]n'l'!ﬂ'.t,y‘l’l - 2, 8

i) How would the shape of the original conics be changed?
The ellipse would change from a horizoatel ellipie to averhicel ellipse.
ii) Determine the x and y-intercepts of this new conic and make a sketch.

'in’rba—éstﬂ*b =lb =0 tlm{}
J(-—mleru.di H‘Iﬂ’léﬂedi
=0
y=0 > L
25 ~bx =16 =0 y=hy=-16-0 A
2(3(:_3)( --g) 0 ‘?L\cdform.

zy X/
vie +he ?unﬁ(refrr.' formula Y k /6 +64

] s s
X = -—-éi Az_é_ac :Zr-f/g_é \J

da 2 |
©32(9+32 4 = 2225

2 (-2-47, ¢ .47
Xppp L EXM /-1.70) 4.70) ’ )
d) What value of A:’would make the original conic into a circle?

A =2
Complete Assignment Questions #1 - #18

W
Y]
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Assignment

1. Which conic is represented by each equation?

a) 3x2+3y2+ 12x+4y—-54=0 b) 3x2-2y%+7x—14y-57=0
Ciecle A=C hypecbola AC<O
¢) x2+2y%— Tx+4y-21=0 d) x>+5x-2y-7=0
l'.”\p.le AC20 Pnrnbola C=0
e) xX2—y2-x-8y-50=0 f) —3x*+3y’-4x+5y-63=0
hqperbb\& AC40 k"erbo\o. AC<O

2. State the type of conic and sketch the approximate shape of the conic represented by each of
the following equations.

a) 2x%+2y?—4x+8y-40=0 b) 7x%+3y*—3x+5y-80=0
circle O ellipse O lPlMC\

i
¢) —4x+y?-20=0 5‘=J+>u10 d) xX*+3x+5y-21=0 5, = =x-3x+])

0§ Hheform of +he Form
pnrabolo. C 5 2 '3: Parnbolg /\ g o
e) —2x%-6y*+8x—-y+75=0 f) x2+3x—5y-21=0 X +3 -3l = 5By
of +he form
elhipse Al < c] [Jarnboln u Y : y?

3. Answer the following questions based on the equation 6x2 + 2y 2_9x+ 14y -68=0.
a) Which conic is represented by the equation? e lhpse
b) What value of A would transform the conic into a circle? v
¢) What value of C would transform the original conic into a circle? (,

d) What change would take place if the values of A and C were interchanged?

the ellipse would chenge feom a verkical ellipie 0
+nn hori zonta) C“\pu O
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4. Consider the equation x2+ y2 -6x+10y+9=0
a) Which quadratic relation is represented by the equation?
Ciccle

b) Susan used a computer program to graph the quadratic relation. The resulting graph was
a hyperbola. When she checked the equation on her computer, she found she had
entered one of the signs incorrectly. Which of the four signs was incorrectly entered?

'ﬂt“+ " n feond of the b‘ should be "-".
¢) Determine the x and y-intercepts of the original equation and sketch the graph.

% =10t . '030 ﬂw;n*. X=0
LIRS R g
- : -5 10
(xx?s ° (y*)(w)=o

;(.-mhruﬁ : 3 b :-q:-l
3-—m-|'trteph 1 =9,-1

5. Answer the following questions given the equation 3x2-y2-36x+y+60=0
a) What type of curve does this equation represent? k:) per bola

b) Determine the x and y-intercepts of the original equation and sketch the graph.

x‘ll\"‘ b:o \o-m‘v. X =0 ?<\3
3x*-36x +(0:0 "\f-&hi-l,o:o
2
3(13'111*10%0 Yy -y-60 >0
. st
3(*'3)(*‘ID)=0 qwadrahe formule
x=2 10 y = ]i (““*0 | )
Jt-m-hrceﬁs . Q' 10 2 ; X e
d —st

5-\n¥ur.gr}g . %.1" .2¢ 4

c¢) If the values of A and C are interchanged in the equation, what effect will this have on
the basic shape of the graph.
\J

VaN

the hypecbola would opea along a vetheal axis 1+ ¢

Cether +haqg along a honzoatel exis .
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IR 6. Which equation represents an ellipse? 7. Which equation represents a hyperbola?
Choice
A. 2x2-2y2-100=0 ";,;':‘f,‘;,: 2x2+2y2-100=0 RC ¢O
B. —2x2+2y2+100=0 AC<0Q B. 2x2+2y%2+100=0
C. x*-2y-100=0 €:=0 C. —x2-2y2-100=0
x2-2y24100=0 A€ 20 D. —x2-2y2+100=0
8. Which equation represents 9. In the equation
a non-degenerate parabola? ' Ax?+ Cy%4 8x + 10y-34=0
and either A or C =0, then the curve is
e 2y2-3x +10=0 A. acircle
. 2x2-3x+10=0 X needsa'y velue a parabola
C. x2-2y2-3x-10=0 AC<O C. anellipse
D. x2-2y2-3y+10=0 AC<O D. ahyperbola
10. In the equation : 11. In the equation
Ax?+ Bxy + Cy%+8x+ 10y -34=0 Ax?+ Cy%+ 6x- 10y +40=0,
ifB=0andA,C >0,A=C, AC <0, A # C, then the curve is

then the curve is

a circle A. acircle

B. aparabola B. aparabola
C. anellipse C. anellipse
D. ahyperbola a hyperbola
12. In the equation 13. In the equation
Ax%+ Cy%+ 6x—10y+40=0, A<O Ax?+ Bxy+ Cy%+ 8x + 10y —34=0
A, C<0,A#C, thenthe curveis C40 if A= B = C =0, then the curve is the
' AC>0 degenera.teof %1”0‘)__.‘“* <0
A. acircle A. acircle TN Ton of
B. aparabola a parabola ® gt
. : G line .
@ an ellipse C. anellipse
. ahyperbola D. ahyperbola
14. The equation 15. The conic given by
Ax?+ Cy*+ Dx+Ey+F=0 Ax?-2y? + 14 =0 with
represents a hyperbola if A<QOandA#-2is ACYO
A. AC>0,AzC A. acircle
AC<0, A=C B. aparabola
C. AC =0 @ an ellipse
D. A=C . ahyperbola
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16. Inthe equationAx2+ Cy2+F=0ifB=0andA, C >0, A <, then the curve is

an ellipse with the longer axis along the x-axis.

b.  an ellipse with the longer axis along the y-axis.
C. ahyperbola along the x-axis.
D. ahyperbola along the y-axis.

Use the following information to answer the next question.

‘ The graph of the quadratic relation 2x% + y2—-3x- 2y — 25 =0 is shown. ‘

‘ X

17. The resulting graph when the coefficients A and C are interchanged is
. €lipge with |A) ¢ |C]
. ®
\@—x \—?x
Cl y D‘ y
%x '
NIl 18.  The positive y-intercept, to the nearest hundredth, of

Response the parabola y2 -2x+3y-7=0is ____.

(Record your answer in the numerical response box from left to right) I« |5 !.|-

x:=0 ba+3b ...7 s 0
qundrgh}_ formula

y=2329+a8 - -y 5, 1.54
&
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Answer Key
1. a) circle b) hyperbola c¢) ellipse d) parabola e) hyperbola f) hyperbola

2. a) circle O b) ellipse O ¢) parabola C
d) parabola /" o elipe (> D pambola \ /

3. a) ellipse b) 2 c) 6
d) ellipse would have its longer axis parallel to the x-axis (i.e. horizontal ellipse).

4. a) circle b) the + sign in front of the y? was entered as a — sign.
¢) x-intercept =3, y-intercepts =-9 and -1
1+4/241

5. a) hyperbola b) x-intercepts = 2 and 10, y-intercepts = — =—7.26 and 8.26

¢) hyperbola would open along the vertical axis
6. D 7. A 8. A 9. B 10. A

11. D 12. C 13. B 14. B 15. C

16. A 17. B 18. 1 . 5 4




LConic Sections Lesson #3:
The Equation of a Conic Section in Standard Form

Warm-Up #1

The four equations below represent the equations of different conic sections, but they
are in a format we are not yet familiar with.

i) x-3=2(y+3)° ii) x-2%+(+1)*=4
e X2+ 1)? . (x=5?% (y-2)7
iii) §+ 25 =1 iv) 7 BT =1

« Convert each equation into the general form Ax? + Cy? + Dx + Ey + F = 0 and state which
type of conic section each equation represents.

1) x-3 "3(1'12*43"?) ii) 3(1"/—(-1*14- +52+JJ+|:1+

X3 Qb +l§b+l8 )C2+52“/+3c +Jj+l=0

15’-x +]12y +21:0

Ciccle
ParaLoIa < -

i) aas(§) +1L5(2;_‘b_‘)2= 225 (1) V) l(,[(%)]—u,{@;—ﬂ = 16()
25+ Ay+1)" = 228 L(x=5)" = 1 (y-2) < 16
25+ G(y'e2y+1) < 225 L (3 =105+ 25) = (y'-Loy +4) =16
,25xa+‘1b2+135+‘1 = 248 kaa'lﬁoac’rloo—yzﬂ‘lrb*L;lé

2511+‘151*‘|93"“@:0 4x‘ﬂ52—u0x+#3 +30 = O
ellipse hy pecbela

Warm-Up #2

The equations in Warm-Up #1 are examples of conic sections whose equations are written
in standard form.

Use a graphing program such as Zap-a-Graph to sketch the conics from Warm-Up #1.
Use general form and standard form to verify the graphs are identical.
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The Standard Form of the Equation of a Conic Section

The equations listed below are the standard form of the equation of each
type of conic section.

Parabola
* Opening up or down * Opening left or right
y—k=a(x-h)? x—h=a(y-k)»?
Circle
2 2
(x=h?+@y-k?=r? or =R +(y 2, =1, wherea=r
2 2
a a
Ellipse
2 2
=) + Sl =1 e For a horizontal ellipse, a5 b2,
a? b?
* For a vertical ellipse, a’ < b
Hyperbola
* Opening along the x-axis * Opening along the y-axis
x-hn? _ -k’ x-h’ -k’
> T2 =1 2~ 52 -1
a b a b
or
0=k _ (x-h?
- =1
b? a?
b

* The hyperbola has asymptotes with slopes equal to * g

standard form of conics equations

% The above information is NOT all on the formula sheet. See the formula below for the

Standard Form for a Quadratic Relation
G858 _ 35

a b2
y—k=a(x—h)?
x—h=a(y- k)

These formulas are on the formula sheet
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In the next lesson we will use the standard form to identify features of the graph of a conic
section such as centre, intercepts, domain, and range.

Class Ex. #1 || Identify the type of conic section from the equation. Do not use technology.
_ o
a) x>+y*=16 b) x+5=%(y—3)2 c) (x4 ) -y?=1
ciecle parabola bbper‘oo\n

Complete Assignment Questions #1 - #2

Assignment

1. State the type of conic section which each equation represents.

@=7°  G+2)° _

a) (x-2)%+(y—-4)>=64 b) y-2=>5x2 c) 5 1
Ciecle pcrchola ellu'rse
_m2 2
d) x-2%-(@-4?%=64 e) x—2=4(y-3)? ) Sl 87) = (x;oz) =1

h“erbnla perabola h\]perbola

2. For each of the following quadratic relations defined in standard form;

i) State the type of conic section represented
ii) Convert the equation into general form.

_ 32 +2)2 ¢ + 5)?
a) (x4) +(y4) =1 ciccle b) %_09) . k\’rerhﬂa

4[({_—})?} +L{@%)j = L(1) 3(,({_) —Eé[sz;é) :-]é(f)

4
(x—s)l + (5-2)2 = 4 9" ﬂ4(5+5)‘ =

Xz_b,x-;-? +j£_4.j¥4_ =4 9x2"4(52+/0j*-75):3('
)czsz—(x "‘4_3 +9 =0 ‘)J(l—z‘j-*—z‘oj—/oo-‘}é

Gy '~ Ly —405—136=0
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2 _an2
¢) y+1=4(x—6) pacabolc d) (x-;4) +0364) =1 ellipse.

Yl i(x-1243¢) 3¢[(§%jr)7 ”é(@-_ﬁ)z =3¢(1)
3¢

gl o bt Tkl ; :
[4()(1%.) +(y-4) = 3¢C

hx =8y 143 = O bt i) 4y Byt 3C
L' #32x bl +y =854l 234

fi vy #3208y T 4A 7O

Answer Key

1. a) circle b) parabola ¢) ellipse d) hyperbola e) parabola f) hyperbola

2. a) i)circle i) x*+y2—6x+4y+9=0b) i) hyperbola ii) 9x*— 4yZ-40y-136=0
¢) i) parabola ii) 4x>—48x—y+143=0 d) i) ellipse ii) 4x*+y?+32x—8y+44=0



Conic Sections Lesson #4:
Transformations of Parabolas

Review of Transformations

Recall the following transformations which are relevant to this unit.

Replacement for x ory | Translation

X = ox ‘horizontal stretch by a factor of a about the y-axis
1

R vertical stretch by a factor of b about the x-axis

X = x—-h horizontal translation £ units right

y = y—k vertical translation k units up

X = —x reflection in the y-axis

y = =y reflection in the x-axis

a) y=x? b) x*+y%=1
y-3=x? (x=-2%+@y+3)3>=1
5_73-3 WD A-&
h —')b+3

vectical Tranglation

Junids wp +ransiation A warks
riSH and 3 umts down

Describe how the graph of the second relation compares to the graph of the first relation.

¢) 2+y?=1

(2 +(3) -
xééﬁ
Y 25h
horizontal SHetch e

foctor sf A about the Henat'\s
and a vecheal
le a factor of 5 about

.‘,Lg )L-ﬂ)(is
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Transformations of the Parabola y = x*

The graph of the parabola with equation y = x? is shown.
Complete the following for the graph.

* domain X € R

* range Y 20 i
* coordinates of vertex (0, D) Y

Part1 | Transforming the Parabola using a Numerical Value Jor the Stretch Factor

2

2
x is replaced by %x to get the equation y=[%x) or y=-—x“

o =

1

a) Comoplete the following for the graph of the equation y = 2%
* The transformation from y = x%isa

horizontal _d?_f_e_ﬁj&_ by a factor of __ & _ about the y-axis.

2
1y
b) Draw the transformed image on the grid and complete. B

* domain x €& R

* range y 20 _
* coordinates of vertex _[Q,__O_) [
v
Part 2A

Transforming the Parabola using an Algebraic Value for the Stretch Factor

2
x is replaced by \/a x (where a > 0) to get the equation y= ( Va x) or y=ax

a) Complete the following for the graph of the equation y = ax? where a > 0.

* The transformation from y = x%is a|
horizontal stretch by a factor of _yg_about the y-axis

2
y IJ= ex 670
b) Draw the transformed image on the grid and complete. A y
* domain x € R
X
* range uz0 ¥ .

* coordinates of vertex ( 0 0)
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Part2B | Transforming the Parabola with a Stretch and Translations

* xis then replaced by x — h and y is then replaced by y — k to get the equation
y—k=a(x- k)z, where a > 0.

a) Complete for the graph of the equation y — k = a(x — k)%

2

* The transformation fromy=ax?is a 4 ranglehion

huods mght aodl K nmids up. 3
) f 9_k=a(x-lb
b) Label the transformed image on the grid and complete. y
* domain xE R y = ax?
. 2
ange 4 2K (NK)

* coordinates of vertex | }\. k) - ¢ >

¢) What changes, if any, would there be to the answers to b) if the equation was in the form
y—k=a(x— h)?, where a < 0?

£ a¢0 +hee 15 a reflechion 1n the x-a01s before +he Franslation
so +he raage would be W LK /\

Features of the Graph of the Parabola y —k = a(x — h)?

The parabola defined by the equation y — k = a(x — h)* has
* vertex (h, k)
* domain x € R.
* If a> 0 the range is y > k and if a < 0 the range is y < k.

* x- and y-intercepts are determined by solving the equations y =0 and x = 0 respectively.

W@ Compared to the graph of y =x? the graph of y =ax2 a > 0, can be regarded as either

L~
e

1
* a horizontal stretch by a factor of —— about the y-axis or
a

* a vertical stretch by a factor of @ about the x-axis.

In this lesson, we will use the horizontal stretch as it will help us with
transformations of circles, ellipses, and hyperbolas.
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ClassBx.#2 | Consider the conic section with equation y — 9 = -9(x — 2)2. h-k =a (x-H)

a) Describe the series of transformations which would transform the graph y=x2to the
graph of y - 9 = —9(x - 2)% hor\zontal streted afector of 3
X P3x Y= (31) e 9% 1 about the b= mus e rezlec-honm Fhe x -ax1$
YD-y =y 9x° by ¥ = 'ﬂsma'\'rnﬂs\ehot\ d wats right and

x"i":'; Yy=9: -9 (:;c--:l.)a G umis ol

y > 5=
b) Determine the following features of the graph of y — 9 = -9(x — 2)2.
i) domain  x € ii) range 5&‘?
iii) coordinates of the vertex iv) x- and y-intercepts
(Q,Q) X-inT int. h= 0 5'_“1* x =0
¢) Use the information above to sketcl’ta \ —q = -'i(x 1) y-9 = -a(u)
the graph of y — 9 = —9(x — 2)% : (k-2) -2 = -3k
< =T ke b= =dl
13 x x:1,3

-ietercept vt =27
wx-nteccephy ore), 3 h-ietercept

The graph shown has equation y — k = —(x — )2,

The vertex has coordinates V(-3, 4). 4
V(h,k)

V(-3,4)
a) Determine the values of 4 and .

h=-3 K=k
b) Write the equation in general form. . >
2
B-—-L‘_ = -'(X'l'%) \
- L = -(xz*LH‘i) ‘\

'3 |'_- - "Lu 9

pi +Lx+5+5 0

¢) Find the x- and y-intercepts.

Aoink 420 st 020
x"+6x+5 =0 b+5=0
(’:t‘l-S)(X-H) =0 Yiaterpl = =5

X—-m“’trccph are =5, ~1

Complete Assignment Questions #1 - #3
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Transformations of the Parabola x = y?

y
The graph of the parabola with equation x = y? is shown. 4
L _ .2
Complete the following for the graph. 2l *57
° 1 2 et , it g
domain xX20 R ST i R
* range Y e R =21
* coordinates of vertex (0,0 ) \/

Part1 | Transforming the Parabola using a Numerical Value for the Stretch Factor

2
1
y is replaced by 3y to get the equation x =[%y] orx = =y2.

a) Complete the following for the graph of the equation x = é y?

* The transformation from x=y? isa

%
vertical _st7etch - by a factor of 3 about the x-axis. 5= -% Y
y
b) Draw the transformed image on the grid and complete.
s
e domain ___% 20 apf =2

* range y € R -

* coordinates of vertex ( 0, 0)

Part2 | Transforming the Parabola with a Stretch and Translations

x 1s then replaced by x —3 and y by y —4 to get the equation x—3 = é(y - 4)%
a) Complete for the graph of the equation x —3 = %(y - 4)2,

* The transformation from x = %yz is @ +fcnsla"nm 3 units r‘i5H antt J-|- harts UR"
5—\#

B ¥
3= 3\
b) Label the transformed image on the grid and complete. *

¢ domain x Z ?’ *range _ Y & R {3.‘0
[*)
* coordinates of vertex ] 3 ; LI-)

¢) What changes, if any, would there be to the answers to b) if
1
the equation was x—3 = g(y -4)29

4
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Features of the Graph of the Parabola  x — h = a(y — k)?

The parabola defined by the equation x — & = a(y — k) has
* vertex (h, k)
* range y € R.
* If a > 0 the domain is x 2 4 and if a < 0 the domain is x < .

* x- and y-intercepts are determined by solving the equations ¥ =0and x = 0 respectively.

1
. * avertical stretch by a factor of — about the x-axis or
a

* a horizontal stretch by a factor of a about the y-axis

In this lesson, we will use the vertical stretch as it will help us with transformations
of circles, ellipses, and hyperbolas.

d
Consider the conic section with equation x - 3 = i (y + 4)2 x-h= a( 5" k\

a) Describe the senes of transformations which would transform the graph x = y? to the
graph of x-3= (y+4)2 vectical stretel b afactor of L about +he x-axis
5-9 LY % =(l+5) X : IBU then a "rr:n:\ahon 3 uarks evght ankt L waids glown

BhE S 3& x-3 = 70 h+h)

) 5 5-+l+
b) Determine the following features of the graphof x -3 = 1i6 O+ 4)2. (3,"4)
i) domain ii) range
>
x23 Y& R
iii) coordinates of the vertex iv) x- and y-intercepts
(3,-4) X -1a} b o yoat. x=0 i
(h) -3 —-(5+k)
c¢) Use the information above to sketch = l
s e L e
the graph of x — 3 = 7(y + 4)* L wafercept = Ly, .
no 5-m¥ef'cep"
¢ %
p o
(3,74
v




Class Ex. #5

a) State the equation of the graph.
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A graph has an equation of the formx-h=—(y - k)z. The vertex has coordinates (—}-\1, i).

x4l = - (y-3)

b) Determine the equation of the parabola if it is stretched horizontally by a factor of 2

about the line x = 1. Y A l
the verkex is dunks pight of x = [ 50 after $he (D :
streted, Fhe verkex will be 2(2) =L umits right ’ |
of x=| at (';.3). Se l’n=‘3andl(=3. - I S
From +he eguation x-h = n(b-k)t +he I
Lori'zonhl ﬁ)"dfdl blj a -pnchr of & c}mnsel :

Fhe value of @ from — 140 -2, Y ox=|

The equation of +he parabole s X+3=- 2(13 --3)=l A unibs
g_f +he hocvzontal stetch Lj o fackor of 1 about +he ]l;e x =| |.s C‘)uwnlen-l to

x+3d: "2(5‘3)

Complete Assignment Questions #4 - #9

"

& horvzoatal siredch by a fackor of 1 about he b-axl.l 1o which $he veckex
becomes (<2,3) Followed by a horizoatal dranslehion which franglates +he

Veckey (-3’3) fy Yhe fina) vertes ot (-3'3) e | umt lefd
2 a
S0 XS Tx il = =(n-3)  Exsl = =(yd) 1
Pea x> X #! {'(xn)n z —(-,-3)1 fx+l) +2 =-;;(3-3)1

or by formla -
XD x
Fhea 3 Xa(F-DL

¥ 1+ 0-90)
x> X+

Assignment
1. Determine the equation of the parabola y = x? after each of the following transformations:
a) translated 3 units down b) horizontal translation 5 units right
2
+3 2 2
>ys3 Y x> x=5 z (x-85)
! ’ or b = x‘- 3 ’ (
¢) horizontal stretch by a factor of 4 d) vertical stretch by a factor of %
about the line x =0 about the line y =0.
wolx ()’ 29 9y :x iy’
> o CA B )9
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2. Consider the conic section with equation y +9 = %(x - 4)%,
a) Use transformations to describe how the graph of this conic section compares to the

.
graph of the parabolay—xl. . honzoatel S""le% l'.‘) a factor of 4

| f1 2\ S
1-—73! b"(ai) b 43(1 about Fhe b —axi§ ~H\tr\ a .].ransla'hon

xsz-:% Y49 =TI.(“"+) L wmts nght and G wetts down.
y)

b) Determine the following features of the graph of y +9 = %(x - 4)%,

i) domain xER ii) range y 29 (1. -9)
iii) coordinates of the vertex iv) x- and y-intercepts
(Ll-,_q) <10 520 ' 3_-_)_:5‘ X:0 .
¢) Use the information albove to 2ketch g _:_‘ (x- ;,_): y+9q = -:; (-14)
thegraphofy+9’-—;z(x-—4) ; 3& :(-x..h,) b.l.q =J+
P “ ' 7 - ti:=x-k b <inteccept *
= -3 10 - o -inteccepts =9
-2 10
-5 ]
v (,-b,'Q)

3. Consider the conic section with equation y = —2(x + 6)°.

a) Use transformations to describe how the graph of this conic section compares to the

suzdd |
ERpetie pmab()liy_i'n 2 hodizonte) shrefch  byafector of G l.ﬁ'""l'
X = {2 % b:(ﬁx) y=dx H-tlj-a“;‘ o reflection 1o the x-axis then

D - -l 3 s~
B 55, b}) 23{2(1*5‘)‘ * a +ranslabion b unids left.
x D X+ 2

b) Determine the following features of the graph of y = —2(x + 6)2. ("5- 0)
i) domain y e R ii) range Y &0
iii) coordinates of the vertex iv) x- and y-intercepts
(-G-D) x-m'\'.)so h-;n“- xX=0
. . I )
¢) Use the information above to sketch Bs = 2( 2+0) y= - 2( (’a)
= 2 -
the graph of y = -2(x + 6)“. A\Y g a-{ bz_-n
- -6 >, S -1nkercept ‘l)-un*!"tl"" .
-6 -72
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4. Consider the conic section with equation x — 1 = —4(y — 2)%.
a) Use transformations to descn'bc how the graph of this conic section compares to the

graph of the parabolax y2. i veedical ‘,brd”h _ hb e fackor ,.F-%- about

y> 2y (23) xx :‘.—bh t thex-axis , a reflechion in the y-ooas,
x»-x T h“) Ihea ¢ +ranslation | unit ﬂ:)H' and

x> x| -4 \ i

y = b_a] ( ) 2 up ts uP

b) Determine the following features of the graph of x — 1 =—4(y — 2)?

i) domain x &1 ii) range lsé R >
_ (1,%)

iii) coordinates of the vertex iv) x- and y-intercepts
(I a A= 1nd nY. 5“0 n-lﬂ‘}' x=0
¢) Use the information above to sketch x-\ @ =k(- A o ~k(y: 2)
the graph of x — 1 = —4(y — 2)2. x-1 =t Loz(y-2)
€ 5 x: -1 L;' L=y-d
- % - nteccept i ,
3/a (' -1) S - 1nkeccept
' > x ] 3 5
. 15 i "'i b )
S. The graph shown is a transformed image of the graph
of y = x%. The transformation consists of a horizontal stretch YA ‘
by a factor of 2 about the y-axis, followed g
by a translation.
a) Determine the equation of the graph in general form.
1l . .Lx)A s L x“l = x
x>3%  yG D% —
2
A> Ay { Wrd J;(.l"ll-) Vidr 2) |
y D> h+d S e v +ranslahon 1t L umids

njh-\' an ) umts doun,

. n 1
b) The given graph is stretched vertically by a factor of 3 about the line y = 4.

Determine the equation of the transformed graph in standard form.
the veckew 11 L wads above +he luejz-u_ so afler +he

Fhe new veckex will be $(2) * | uark above y--1 ot (4,-3) 2
hele k =3 " N by )
From 1 equabion y -k = o~ h)‘ Fhe vechcal sprebeh  dwb] (e

thpab}-orb; 2 cl\angu [ -ffam , Yo AW
ot by formule

Equation 18 5*3 (Jf. L') y> 2y 2b+2 ,,(x 1,)
thea y> g +F-)L  yl® -l(x-L)
h> 3+t'--|)(-0 yrd ¥) '3( "f\

hD> Y+l y+3= (x-h)
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teeoslabion 18 Tumty lefd

6. The graph shown is a transformed iniagc of the graph
a ni 3 umbs wp.

of x = y2. The transformation consists of a horizontal

expansion by a factor of 2 about the y-axis, followed by a Ve.3)
translation. Determine the equation of the graph in general form.
2 PR
X = -; A ‘k » P b X ¢ lb = l L
1
: 2A(y-3
XD X+ 4 (5:)‘ +9)
: - 2
N > Yy=-3 X 1{51 ) 33 -x-l13+ll=0

7. A graph has an equation of the form x — k= 3(y - k)%
The vertex is V(5, 0). If the graph is translated 3 units left and 2 units up, determine the
equation of the transformed image in standard form.

N(5,00  x-5:3y
h k ol ) 02
XDAY3 x43 -5 :3(y-2) X-4 - 3(_b J)_

y® e ,
MEUUNRES. The graph shows a parabola with equation x — h = a(y — k)% I
Choice How many of the parameters a, A, and k are positive? e &
0 @ $0 siace geaph opens Jeft. ’)
B. 1 \leﬂ-u(h,h N quedraat 3
C. 2 so h¢O ent k<O,
D. 3 A
ACLIEREEN9. The graph shown represents an equation of the form y — k = a(x — h)*. s
AN  If the vertex is V(1, 3) and the graph passes through the point P(2, 7),
the value of g, to the nearest tenth is : a1, 3)
y-3 = a(:t.-l)" 7-3: a(a-) -
replace (3, 7) L a(h) Gk v
(Record your answer in the numerical response box from left to right) Li-. [0
Answer Key

1. a) y=x*=3 b) y=(x-5)2 ¢) y=1ex* d) y=1z
2. a) horizontal stretch by a factor of 2 about the y-axis, then a translation 4 units right and 9 units down
b) i)xe R i) {yly2-9,ye R}  iii) 4,-9)  iv) x-int=-2 and 10, y-int =5
3. a) horizontal stretch by a factor of ¥/7 about the y-axis, reflection in the x-axis, then a translation
6 units left. b) i)xe X ii) {yly<0,ye R} iii) (-6,0) iv) x-int = -6, y-int = —72
4. a) vertical stretch by a factor of ¥/2 about the x-axis, reflection in the y-axis,
then a translation 1 unit right and 2 units up
b) i){x!xSl,xE R} ii) ye R iii) (1,2) iv) x-int = —15, y-int = 1,5 and 2.5
5. a) x*-8x-4y+8=0 b) y+3=Vax-4)>?
6. 2y?-x-12y+11=0 7. x-2=3(-2)2 8. A 9. 4 [ .| o




Conic Sections Lesson #5:
Transformations of Circles and Ellipses

Transformations of the Circle x* + y? = 1

The graph of the circle with equation x? + y? =1 is shown.
Complete the following for the graph.
—1 8t

* domain * range "“':'J“"

* centre ‘ 06,0) o radius__|

Part1 | Transforming the Circle using Stretches

1
x is replaced by 7% and y is replaced by % y to get the equation

1 5P 1) x? y2 x* y
1 2. = X oy XL Y _ 3 i
(2):) + (zyj 1 or 52 + 72 1 or 7t 1 or x*+y“=4.

2 2
a) Complete the following for the graph of the equation xT + yT = 1.

e The transformation from x*>+y?=1 is @ horizontal 51!7&'54 v
bb a feckoc of 2 050h+ +he b-—ax.N anfl @ vecki(al Sﬁ'&*&‘ ’3.' o

by 2 fockor of 2 about the x-axis.
b) Draw the transformed image on the grid and complete.

* domain ~& 5 x €2 * range "3"’31’1

e centre _10,0 e radius _ &

Part 2A | Transforming the Circle using Stretches

1 1
x is replaced by 7% and y is replaced by 7 to get the equation

2 2 2 2
4 + () el 42
x| + |3y =1 0r-—+-—=1 or —+—=1.
[2 3 22 32 4 9

2 2

a) Complete for the graph of the equation :— + -);— = 1.

* The transformatlon from x> +y?=1 is a horizontal
strebd R-Fnc-ior of d about the y -ax1s and @
vertical ctretf by & factor of 3 about +he
x- ﬂxl-!

b) Draw the transformed image and label the intercepts. -
e domain_—2 “x ¢ erange 344 %3 « centre (0, 0)
* length of horizontal axis (horizontal diameter) 4
» length of vertical axis (vertical diameter) (o _
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Part 2B | Transforming the Ellipse with Translations

The ellipse in Part 2A is then transformed as follows:

x is then replaced by x —4 and y is then replaced by y —1 to get the equation

2 =qr2
-4 0-1_,

4 9
2 12
a) Complete for the graph of the equation (x 44) + b 91) =1,
2 2
s Thelransformationfromx—+y—=l is a +ranslehon L umis "‘SH
4 9
entt | umitd up

b) Label the transformed image on the grid and complete.

« domain _2°X %6 * range el

 centre (L) . vechces (br,~2) and [h_b)

* length of major axis b . length of minor axis L

Part 3 The General Case

: QU
The circle x? +y* =1 is transformed into the ellipse ~— + z—z = 1 by a horizontal stretch
a
about the y-axis by a factor of @& _and a vertical stretch about the x-axis by a factor of JD_

2 2 2 2
-h -k
The ellipse % + 1—2 =1 is transformed into the ellipse & 5 ) + b 22 ) =1lbya
a
translation j\__ units right and _|<_ units up.
The diagram shows the circle and both ellipses YA (b +

On the diagram label the coordinates of each
point shown. Gﬂ*’l k) (c-l-h k)
[0,5)

e L h -b+k)
Complete for & zh) g v zk) =1 - ﬁ: ;ﬁ‘ > >
a b (—a,o)\\‘//(“- 0
* domain =a+h $x $avh (0B
\J
* range ~btk £ | £ bk
* coordinates of centre M

« length of horizontal axis & « length of vertical axis_a b
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— 2 —11\2
Featisres of the Graphof the Ellipse. & : Lt

bZ

x=h* -k _

The ellipse defined by the equation : 2 1 has
a
e centre (h, k) .
* domain —a+h<x<a+h *range —-b+k<y<b+k

e the length of the horizontal axis of 2a » the length of the vertical axis length of 25
« the longer of the two axes is called the major axis, the shorter is called the minor axis
* ais the horizontal stretch factor and b is the vertical stretch factor from the unit circle

* his the horizontal translation and k is the vertical translation of the centre.

b units
(h, k)

a units

a units

b units

The circle can be considered as a special case of the ellipse with b =a.

x=h? -k _

a® a?

1

Features of the Graph of the Circle

or
x=h)?+@y-k?=a?

x-h?  (-k?
2 + 2

a a *
e centre (h, k) "B

e radius a

=1 has a units

The circle defined by the equation

* domain —a+h<x<a+h erange —a+k<y<a+k
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Class Ex. #1 +9)2 Ay
' Consider the ellipse with equation (x %5 ) - O 9 ) -

1.

a) Use transformations to describe how the graph of this conic section compares to the
graph of the circle x2 + y? = 1. '
x ls,. hor\zontal Stvelch l’b a factor of S5 about +he by - axis

y -9-',-:, veetical shetech bb e fecdorof 3 aboud $he x-axas

‘Funuud Lb a -}rans\a-h.bn d uatks 1eft and L unmids “p- (...2 ?)
XD+ \ |
> u-L &
27 G+22  (y—4) (7;"3-4)
b) Determine the following features of the graph of 25+ - 1. 73 5
— 5 ,
i) centre (_ 2 LI-) ii) horizontal length iii) vertical length
' a*5 =10 2¥3 7
iv) domain V) range vi) coordinates of vertices
(—7' 1+) nnd(a, L
¢) Use the information above to sketch
2 a2
the graph of (x;-sz) + 9 94) =1 I

FTIWL (s | )W

& Sy

Class Ex.#2 ||  The graph of a circle with centre (0, 0) and radius 1 is
transformed into an ellipse as shown. "
a) Describe the series of transformations required to transform
the graph of the circle into the graph of an ellipse with
centre at (4, -6), a horizontal length of 4 units and a
vertical length of 8 units. ezl ab:3

a2 bl
hodizontal stretch by & Factor of A about they -axis
vecheal s‘fddl , l:b a factor of Lt about +he x-213
-Fb"bud Lb a trenslahon L umks right ank 6 unids dowan |

4

A
G

b) Write the equation of the transformed image.

xza b":\ -))( I+ % ‘)a
>3 A A X B A=l ¥ =
X3y (‘5‘)*&3)" b""f)*"' (__)_Jb___ [
-)-};b 1 2 L 16
& + l;\

L 18
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_a2 2
Consider the circle with equation L 3 63) + O ;— 64) =1.

| a) Describe the series of transformations which would transform the graph x> + y? =1 to
(x=3)  0+4)

the graph of e =1 .
X -'9":: X horizontal stvetch by a factor of b aboul the y e,
Yy tb verdital streteh %) a fackor of & abowt Hhe x-oxus

followed by e {ranslation 3 umts risht and b unids down
xIx-3 g
9> hHi
_ 22 2
b) Determine the following features of the graph of & = 63) + @;64) =1
i) centre ii) radius
(3,-4)
iii) domain iv) range
-3&x %9 —10=y44d
¢) Use the information above to sketch 5 i
x-3)° O+4)® _
the graph of 36t 36 :1. /’\ .
) - x
K (3
h
In each case, write the equation of the circle in the form
2 _ 12
(-hP+(@y-k?=r’ andintheform &1 LO-R 1.
a? a?
a) centre (3,~7) and diameter 10 ) *
Ak fadwy § (x_..:‘.)’) + (blz) : I
d =5 .15 25

b) endpoints of a diameter at (4, 2) and (8,2)
centre (6, 2) radiky * 2

a a
GO 4 (1o =
L L
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Class Ex.#5 || A translation of p units right and ¢ units up can be described by the ordered pair (p, g).

2 2
. a) Determine the equation of the circle 2+ 2 1 after a translation described by the

) 100 ~ 100

ordered pair (5, -2). 2

Smehl x> x-5 (1_‘9 +(h*:‘)a=l
ddown Y utd 100 100

b) If the point P(6, 8) lies on the original circle, determine the coordinates of P, the image of
P, under the transformation in a).

(645, 3-2) (n,6)

c¢) Ifa point Q(m, n) lies on the original circle, determine the coordinates of Q’, the image of
0, under the transformation in a).

(m+5, n-2)

Complete Assignment Questions #1 - #17

Assignment

1. Determine the equation of the given conic after the transformation.

a) Determine the equation of the image of the circle (x — 2)2 +(y- 3)2 =1 aftera
translation 2 units up and 3 units left.

%D ’“’3\ ((x+3) - 4 ((5-:1)-3)’l = |
b

D - 2 2
v =9 (x+1) 4 (3-5) =|
2 2
b) Determine the equation of the image of the ellipse ;—5 + yz = 1 after a horizontal
1
stretch of factor 2 about the y-axis and a vertical stretch of factor ) about
2 2
the x-axis. i a
1_;,.&,( (i.i)-}'@—b)sl __x_.}b!-.:‘
: % 25 L 100
b3y

¢) Determine the equation of the image of the circle (x — 2)? + (y + 5)% = 20 under the
translation defined by the mapping (x, y) = (x - 2,y +5).

fecremie Incrtaeh 1§
xbyd  byS g ::

x> x+d (a2 -2y 4(5-5*:5)‘ =20

b > y=5 ){L* b 20
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2. Use transformations to describe how the graph of the given circle can be obtained from the
graph of the circle x? + y% = 1. _
hofi2ontal Sh!% Lb a factor of L. about the b-om{

2 2 L -
a) .71{_6 * (y-;4) =1 * >J:\I'.i ver’(iml 5"7!:{:4\ bb [ Fncl'ar of 3 ehoh‘i ‘H\f ¥ -1

.‘1;1):'*%?‘5 *| kil followed by @ }canglation Li wmis down,

e btk
It

= % CY ) ) ) .
b) 444y =1 x50y hoctuanta) shrekch by a factor of 3 oboud they-ax

(2)* [23)*-1 h23y  yeelical siveith by o Facker of Ji abou} tht a-exis
bt * L_t;'= |

— 12 2 L i
) 25(3516 1) o (}’1‘1:213) =1 c hoiizonlal strebch h) a factec of 5 aLeaHhe.b &l
Ex)"’(ﬁt’)‘ =) *7 "':J‘t Vechical sfreth by e fador of 1| about hear -2

L I

A%E * lh-al 1 . ::jlb followed by a Jeanslahon | nark night anh Sumds doun,
J'EF{'_-_')IL;(-:);%):\ ,.p,,gg ;
8.2, A ). .
[;i)lgf E}:;?( v X —:-; : ' (:or:la:‘l strekh by« factor of %;.ab:ﬂ:::e:::;
a%x’* %55 | b 3y verdicel stetth - by e fackor of 73 abOK

%1’ > ?‘.(5-3)':\ 5‘”5‘3 -rn]lwd L:‘ ¢ teonslahion R unids “p

g+ 9 (y9) < &

3. A translation of p units right and g units up can be described by the ordered pair (p, q).

a) Determine the equation of the circle (x — 2)% + y* = 25 after a translation described by
the ordered pair (-3, 4). - o _— A & .
et x>x43 (x43 ~3) *(y-w) 225 ben) +(y-k) =25
hup 9o9-L
b) If the point P(S, 4) lies on the original circle, determine the coordinates of P’ , the image
of P, under the transformation in a).

Jed (5-3, L +h) (2,9
L up
¢) If a point O(m, n) lies on the original circle, determine the coordinates of Q’, the image
of Q, under the transformation in a).

(m-3, nth)
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1)2 g
4. Consider the ellipse with equation (x + 2)* + % =1. azl b:d  Cenbee ( 3,-1)

a) Use transformations to describe how the graph of this conic section compares to the
graph of the circle x% + y? = 1. -
3"7 ':'i_‘] veechea) s'htbdl bb a Foclor of 4 about +he d-2a28
1 Followed Bb e $eanslation & umbsleft onh | umd Aown .
XX+

Y2 y+l
; ek
1 [

i) centre ii) horizontal length iii) vertical length
(-2, 2% % 2 axa: k4

iv) domain V) range vi) coordinates of vertices

“3fx b == (-2,-3) ank (=2,1)

¢) Use the information above to sketch (3 1) !;P
2, O+1) )
the graph of (x + 2)* + ——— =1.
4 .
€ - %4

(-2,-3) ¥
5. Consider the circle with equation x? + (y — 12)% = 81.
a) Describe the series of transformations which would transform the graph x? + y2 =1
tothe graph of x* + (y - 122 =81 x* , (y-1),,
i 3 T )
Ll b hori2onte) sheddh by a foctor of 9 about $he y-cuxns

y> 5 . G
verhical sfretoh bb e fackor of G obout +he X
Y2 Y12 Lollowed Lb a transledion |2 uaits Up.

)+ aw) @
DI

L;,. 'lzisl
b) Betem'i&ne the following features of the graph of x? + (y — 12)% = 81.
i) centre ii) radius iii) domain iv) range
(0,12 q ~q4y &G 34y £
v) x- and y-intercepts
X-wd. 40 E}__"“+,' 31’50
x*a-12) * 3) (y-12) =8
2 ' -12: 9
X+ Ikl = B) )
x‘:— {3 : 39412
noy-inteccepls y;.iem,n 3,d)
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¢) Use the information in a) and b)

to sketch the graph of  _ 2 .
( =
2+ (y— 12)2 = 81. Jﬁ’r Lgﬁ)ﬂ

d) The graph of x> + (y — 12)? =81
is stretched horizontally by

a factor of E about the line x = 6.
5rop}- 84 rnus‘?wmei to on e\h,se .

Sketch the transformed graph and
determine its equation.
Cendee of crecle (0,12) 13 Cumis lef4 of X =6

Aftec shretdh
lefd of x=C o (2,12)
Honzoada) |tn5‘n\ o t“irlt < 11

Vecheel leagth of elipse |8

de =]
a:(
Ab: 1%
b9
Egun}wn of +he form

Lx_-_;pﬁ (’Tk‘)'

Pk

-
dn
A

$he cendre 1t 33-[1,) 2 Lownds

<
-10
of by formula

=)

h ot

==
M

P

ad

X
>

5 9 5 10
a v :
ot ¥ ['3-12) * Rl

\1 a l..
2, D).y x93 @bt BY b0 B
ok SV x> x+F-HL 8 (x-2)4(y-12) * 81 dhade by 31
%o x &) 6) (x ::):(s )81 dhade by

X3 x-2 D)

6. In each case, write the equation of the circle in the form (x — k)? + (y — k)* = r2.
b) endpoints of a diameter at (3, 3) and (5, 5)

a) centre (-8, 11) and radius 2

. 3
(x+sf+(5 -n (%)
o) o0y e

7. Ineach case, write the equation of the circle in the form

a) centre (6, -1) and passing through (0, 7)

s (0-0 1)’
PR YR N Y [V
i i
(x-0 ,,,(3*'\) : |
|00 100

b) centre (5, 4) and tangent to the x-axis.

y(s,s)

cendee () (2 (5-u)+ (5-4) / (5.8
A R AT (3 3)
(oeen) +(5-n) = 2

x=h® -k _

a? a?

1.

(s,6)

ol b/
1 1 ir=h
(3:_-_'5_) 1‘(9.-_1.’)= | : >3
16 16
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8. Consider the following ellipses

3L

J‘ il T
- /
T 12 le by ~~ / \
ARRRIvL N \ T
N i v / / \
< b2 = 4
3 [ia L\
Ih [U,“‘)
/ N ,/"" ‘"“"\‘
/ ’ﬂo (/ 5’3 \\ \ 149 I
£ g r v U
CIp T Toda <3 (a5 5T\ 1 11D VAR
® N vd \ /
\\_ J/ R 1

In each case describe the transformations that have been applied to the

unit circle x* + y? =1 to produce the ellipse.
Express the equation of each ellipse in standard form.

| un-lrt(o, 0) 1-3%1 hocizontal stredeh bjﬂ'ﬁldm of 5 about +he 5'“;1 l:. + _bj :
G:5 b3 Yy ‘]3‘3 Yerhiel streteh by a factor of 3 about the x-axir 25 9

i

centee (—8'0) I""}ii borizontal shvetch 55 e fackor of A about He b'&a{l Lidy
hk 5
1

b o

a

T G=d b:3 '5"’%5 veekheal sivedch - by a fector of 3 qbout he x-axis

1o x+8 foloued L:,n'l-rnallahon R wnds left, (X_;l) + ‘l‘l" |

3 ceatre (ID,'-#) 1'3':',1 hocizoatal siveteh l:ba-Fec-I-.ro-F L chout +ktb-ca§is 3_’1. _5: -1
Ak b3  p ‘ng vechenl whvelch by a facter of 8 about bhe £-exis "" bl

1
x> x-10  Followek by & +ranslation 10 uniks right and -0, -8
bab""‘ L umds Wp . ____l" b4

L. centre(-5 8) JL-?',]:‘X horizoata\ stretvh by & factor |¥chou+{kt5-nx'lll ,1(: + _5: .
az6, b:1 423y vyerheal sfreleh bya fachr oF 2 about the x-axy o0 B

2 1
x>3x+5  followed by & +ranslehion Sumits lef} and ‘;L“f_’) + (h_"_‘) : )
yIy-8 B uaiks Wp . 36 L
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9. Determine the equation of each of the following ellipses.

a) Vertices are (0, ~6) and (0, 6) and horizontal length is 8 units. (0.,6) ,
PRI 28 W a
i T B T T 12
b=y, el e ;

b) Vertices are (-10, 3) and (2, 3) and vertical length is 4 units. v

Centre (-h-,?)) (Dl -L)

2 1
da=12, [ A @‘)-}@:] \
i ¥ 36 4 (‘10,3) [2-3

7 SRRST e

10. a) Sketch the graph of the circle with e
equation x> + y%2 =9, r*"

b) Sketch the graph after a vertical expansion 7
by a factor of 2 about the line y = -3.

¢) Determine the equation of the transformed graph. o
centet of $he circle (0,0) 15 Jumds abore 4= -3 : T ’l
Aftec the stretth  $he cendre of $heellipie 1s A3) =L
waidy above y3 <3 ot (0, 3) 5
Minor exiy = l(;; so 1:;32 o L 3):
*ur : v b? =/
Major eatiy 5 + 5‘3? 2| oV

11. a) Determine the equation of an ellipse with centre (1, —2) , horizontal length of 6 units, and
vertical length of 4 units. b:2 a=3

h .k
1 L 3 -
K -k) . (4 3
()—(—;)'*(5—,""'\ (x ‘) + +2) = |
Q b 9 |
b) The ellipse in a) undergoes a horizontal compression by a factor of = about the

3
54\

line x =-5. Determine the equation of the transformed ellipse.
Ceadre (I,-lﬁ 15 6 umts right of x=5 50 afler the

shrotch  the ceatee Wil be F(€) 2 L wnds t1ght of
X:-5 of (“%“"1) | -
The honvzontal  siretch by 3 chaages +he a value
foom 346 (1. b unc hanged . P '( 1-2)

N
P 3

2
(x+3)" + (4#2) <} :.:-15 >
I 6 umts
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12. Describe the series of transformations which would

transform the graph x? + y® = 4 to the given graph and )_:,‘
write the equation of the given graph in general form.
radiny of 1“’3‘”1- i . ceatee (0,0)
x92x horizontal JT!H" by a Fector of "'1 Ie o [+, N’
about the 4 -axis =5 \- ¥ .
Yy 1y verhicel W bb a factor of "i e
chout the x-axus
. Follbued l’j a +rensledion l_uur}s lef4 IR ]
b5 y-3 God 3 warks wp. .
J’ir_‘ff’i__ Fransiadion
x:., b‘. L 12*5“\
()" + @5)"s & Xs2) e (5-3) <\
Wit byt e b Xt bk by +y by + 921
xryte x4y + hx=by 4120

VIl 13. Which of the following circles has a diameter of Vv 207?

Choice

A, (x=-2P+@-22=3 ro=
@ 4x* +4y* =20 xl+bl=5' =5

t

LR e 8™ qea(s’) @
e: {8 d=2(5 < (kl5 <120

tw-3) =10 ezl e={p  d=alio # (20

given graph
Ceadee ("'2, ?))

ratiwg = |

c. L0735 ey -
e 4 2
o ' r:f20 A= a3 # {20
2 =30 r =20
D. «x =20..y2 X +b
i ipse wi . (-h?  -k?
14. The diagram shows the ellipse with equation R =1,
b
The value of a + b is a o
A. 20  leasthof mojoraxis = 3 E
da: Q:
B. 12 a:d o
‘-tﬂs-l'la of minor axeiy = L !
@ . 1L= L b: | =5 1A “H‘\';
D. -1 - )
a+bs L+2:( Jo EL
Y
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: o . (x=8?% +1)? : :
15. Consider the ellipse with equation 00 T e - 1. Which one of the following

statements is false? a0 b:g Cendre ( 3 1)
A. Theellipse contains points in all four quadrants. v*
B. Theline x = 8 is an axis of symmetry. v
C. The centre lies in quadrant 4. v

b 4

The ellipse is a vertical ellipse.

(x-3)% 4@y+2)?

LI 16. Consider the quadratic relation with equation g1 T 20 = 1.
The maximum y coordinate, to the nearest tenth, on the graph of the relation is
(Record your answer in the numerical response box from left to right) 11.18
Centre (3, 2) movy : -2% ]
. : 3
: e:=§ : 3
a *3 -

b': By g

17. The circle of the equation 5%+ Sy2 = 1 is a transformed image of the circle with equation
x% +y%=1. The scale factor, to the nearest hundredth, of the horizontal and
vertical stretch is
(Record your answer in the numerical response box from left to right) 0 . h_ 5

Y2 Eﬂ scale factor © G 0.45

Answer Key
2

1. a) @+1)+(p-5)2=1 b) ;‘To+y2=1 ) x2+y2=20

2. a) ahorizontal stretch by a factor of 4 about the y-axis, a vertical stretch by a factor of 3
about the x-axis, followed by a translation 4 units down.

b) horizontal stretch about the y-axis and vertical stretch about the x-axis by a factor of —.}

¢) ahorizontal stretch by a factor of % about the y-axis, a vertical stretch by a factor of 11
about the x-axis, followed by a translation 1 unit right and 3 units down.

d) horizontal stretch about the y-axis and vertical stretch about the x-axis by a factor of %
followed by a vertical translation 8 units up.

3.a) ¢+D)2+(p-42=25 b) (2,8 ¢ (m=3,n+4)

4. a) vertical stretch by a factor of 2 about the x-axis, followed by a translation 2 units left
and 1 unit down
b) i) (-2, -1) ii) 2 iii) 4 iv) (x| 3<x<-1,xe R}

v) {l-3sy<1,ye R} vi) (-2,-3) and (-2, 1)

N g
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5. a) horizontal stretch about the y-axis by a factor of 9
and vertical stretch about the x-axis by a factor of 9,
followed by a translation 12 units up.
b) i) (0,12) ii) 9 iii) {x|—9$x£9,xe R} iv) {y|35y£ 21, ye R}
v) x-int = none,. y-int = 3 and 21
¢) see graph below

i Loy - 12)?
g &2, 0-127
36 81
P
/ 7 \\
- e A 6. a) a+&2+@—uﬂ=%- b) (x—4)2+(y-4)2=2
I (] y
2 2 2 2
- b -4
Fouy 2200 DD g gy B 000,
= _ 100 100 16 16
\, ‘\ ")
N A
e . P a
- - : >
-10 -5 v 5 10

8. ellipse 1 a horizontal stretch by a factor of 5 about the y-axis and
2 2

a vertical stretch by a factor of 3 about the x-axis: X + e 1

9
ellipse 2 a horizontal stretch by a factor of 2 about the y-axis,

a vertical stretch by a factor of 3 about the x-axis,

2 2
followed by a horizontal translation 8 units left: ety + 2;— =i

ellipse 3 a horizontal stretch by a factor of 4 about the y-axis, a vertical stretch by a factor of 8
x-10°  ©0-49? _

about the x-axis, then a translation 10 units right and 4 units up: % 7 1
ellipse 4 a horizontal stretch by a factor of 6 about the y-axis, a vertical stretch by a factor of 2
+5)?% (-8)2
about the x-axis, then a translation 5 units left and 8 units up: L 3% ) - O 3 ) =1
2 2 2 2
+4 -~
9, @) Zalwr ouy EXY 09 o,
16 36 36 4
10.a)and b)see graph below
:f\; - a2 2 2
JEEY 1 ST 0D ) a2 2
Lim® 9 4 4
# + x 12. horizontal stretch about the y-axis by a factor of %, and a vertical stretch
“ about the x-axis by a factor of %, followed by a translation 2 units left
and 3 units up. x%>+yZ+4x—-6y+12=0
ot
13. B 14. C 15. D

16. 1 . 5 17. 0 ‘ 4 5




Conic Sections Lesson #6:
Transformations of Hyperbolas

Transformations of the Hyperbola x? - y? =1

The graph of the hyperbola with N

equation x? —y?=11is shown.

The curve has asymptotes with slopes of 1. \
Sketch the asymptotes on the grid.
Complete the following for the graph.

¢ domain )(.5"'| oy x Z |

* range Y eR
coordinates of centre ‘ 0, Q)
coordinates of vcrtices("'t, 0) c.nl( I,D)

the length of the transverse axis
(i.e. distance between vertices) &

Part 1A | Transforming the Hyperbola using Stretches

1 1
x is replaced by 7% and y is replaced by 3V to get the equation

2 2 2 2
1 1 x° y
(Ex] - (3y} =1 or 7 —3—1.
2 y2

a) Complete the following for the graph of the equation % g = 1.

« The transformation from x> —y*=1is a hotyzondel streteh bb afactor
of 2 abowl ¥he b-nxis anld a veekical sfrefch by & factor of 3

chout 4+he x-e18,
2

2y
Yk4 9
5--

b) The transformed image is shown on the grid.
Complete the following.

* domain E-a O‘I’J?-J.

* range y € R

« coordinates of centre { 0,0

* coordinates of vertices (7'1..0) ond (_9. .0)

s distance between vertices 1_+_-

Note that the slopes of the asymptotes are now i%.
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Part 1B

Transforming the Hyperbola with Stretches and Translations

x is then replaced by x —5 and y is then replaced by y —4 to get the equation

x=5°" -4 _

i

4 9

a) Complete the following for the graph of the equation

¢ The transformation from - L

2
479

lis & +cantlation

Swaids cight and L wmits wp.

b) Label the transformed image which is shown on

the grid and complete.
* domain X -{‘391 x21

%GR

range

® centre 5

vertices (3. L') ank (-’. h')

x=5° (-4*_ 2 L
s 9 -Lb lg_s__(g_;‘ﬁ-;\
YA I q
L;l-lh L] )

) (5,!.) ('Illt
-4 a2 >
LoNe-v -

L

distance between vertices (length of transverse axis)

(x=h? _(—k? _

Features of the Graph of the Hyperbola 3
a

b2 !

The hyperbola defined by the equation

@-n’ -k _
a? B b? -
* centre (h, k)

e domain: x<-a+h or x2a+h

range: ye R

vertices (—a + h, k) and (a + h, k)

the transverse axis is the line joining the
vertices and its length is equal to 2a

the conjugate axis passes through the
centre perpendicular to the transverse axis

and its length is equal to 2b
b
asymptote with slopes iE

1 opens along the horizontal axis

and has:

a is the horizontal stretch factor and b is the vertical stretch factor from x% — y2 =1

* his the horizontal translation and k is the vertical translation of the centre.
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[ Ctass Ex. 11 2 2 5 b5/
. . o X1 Hy-3)t Q:L 3
Consider the hyperbola with equation T3 55 = X, he-l k=3
| a) Use transformations to describe how the graph of this conic section can be obtained from

thcgraphofthc hyperbolax ==L horirontal shreteh qu{-‘cc-hra-?h ebout
x> {;x 3 -y =| (.,:l) gb\ U dhey-exis @ verkiel shrebdds by a facter

Y2 5 fb -'_b. =\ of -5-3 about +he 3 -ax1 8 , Followed by @
as P
= A+ G‘“ﬂt [ Franslation | umd lefd ontt 3umis Wp.

4> y-3 lb 15
x+1)?% 9@y-3)?

b) Determine the following features of the graph of 6 ~ 25 - 1l
}&_, _‘*_( i) centre ii) distance between vertices iii) coordinates of vertices
(-3 (=1,3) vl = Q (-5,3) ont (3,3)
iv) domain V) range vi) slopes of the asymptotes
Xx&-5 v x23 y € R + 55 .45
¢) Use the mfonnauonzabovB to ske;ch y N _l: 12
the graph of (x ;61) - 902—5 . =1

(-5,3 -13) (33

\’/ \7)’.

N/

ClassEx#2 || A hyperbola has vertices at (5, 0) and (-5, 0). One of the asymptotes has a slope 2. /
a) Find the equation of the hyperbola in standard form. e ndre (0,0)

da =10 Slope=2= h (x-—‘-)t..(});‘_‘_)tal

X
8
0« s 2 az L a . bt N
- . S |
ey Bl
'd) The hyperbola in a) is transformed by a horizontal stretch by a factor of 4 about; ~
the hne x= —1 Determmc the cquatlon of the transformed hyperbola. _ Q_Il

noE A, o ek _9-..-
Iﬂ +$"*’_ﬂfﬂ,ﬂbrnt*1n nﬂ'
‘wehat 19&_{. Folliues by
ADL+(F-DL re x-)xt(zp-\'

X fler H.g l\ornuhl sa‘:n:l':ch -Fnc*lalr L Hu Ceatre 1y
L) » b wadsoght of el ol (3,0)

4—>l _ wPx-3
Horizontal shretch - Factor L . meany O Cheaged .|.. 1.,(5) r.;o. :-i 0

¥ t= LoD a 100
'::;t’r' b 'y wunchansed. J.:)‘__;: )

(1—33 ol
Eo lou

25 job 1

L gy

ltﬂb 190 00 10D

E‘}uo.-hon 1
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Transformations of the Hyperbola x* — y2 = -1

The graph of the hyperbola with equation x%= y2 =-1
is shown. The curve has asymptotes with slopes of +1.

Sketch the asymptotes on the grid.
Complete the following for the graph.

+ domain: X € R -range%‘:-\of le
* centre | 0,0 * vertices (0_"1\) ant (0, 1)

* the length of the transverse axis
(i.e. distance between vertices) A

— h)2 AV
Features of the Graph of the Hyperbola x azh) - v bzk)

-1

The hyperbola defined by the equation

- h)? -k’
& = Y _ 0 2 ) =-1 opens along the vertical axis  and has
a
* centre (h, k) N
¢ domain: x € 9% s]opc: _.é\
a
erange: y<-b+k or y2b+k Ne”
« the transverse axis is the line joining the b units/,"'
vertices and its length is equal to 2b I N\ i
. . <a»y(h k)
* the conjugate axis passes through the centre | units/B
perpendicular to the transverse axis and its . b units\ :
length is equal to 2a ! /

 asymptote with slopes ig

* ais the horizontal stretch factor and b is the 7

vertical stretch factor from x% — y* = —1.

e his the horizontal translation and k is the vertical translation of the centre.
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X a2 a
Class Ex. #3 2 *\ r2) _ _
Consider the hyperbola with equation 9(x + 1)? — —Qig-g)— =-1. g - QT =-\

| n;'!i L:a k'—"\ \L='J-
a) Use transformations to describe how the graph of this conic section can be obtained from
the graph of the hyperbola x2 — y% = —1.

2D 3% xz_b; . -1 B!V"%'ﬁzs -\ l\urizon{'u\ 5'["!":0‘1 . ka ufnc#gf p{'"%'
Y3 ‘JS Ay - Y =- about $he y-axis  verkicel shebd

L) _ Lb a feckor of 3 about +he x-ax1s
X D %+ \ ‘Nlﬂ)x"ﬁf_&lz -\ followed L'J e +cangletion | umt lef4
‘3_) ’ﬁ*a L cad L units down,

3
\r/ b) Determine the following features of the graph of 9(x + 1)2 - ng})_ =-1.
3 I i) centre ii) distance between vertices iii) coordinates of vertices
*(1-2) (-1,-3) %36 (=1,-5) and (-1, 1)
31! ' iv) domain V) range vi) slopes of the asymptotes
Py x € R yi-Sor y2| +b . +3 .49
vii) x- and y-intercepts (to nearest tenth). & '3
x-wt 4 =0 -wf x:0
q(xs) e &= qm-&T- )
-« % -
°|l3l-r\\)1l =-'§' q +| = L!*_l.) - "'ﬁ‘b 1

(1*‘\1.: -g_si b-mhr(.cph ~11.5 and 7.5

q
lo= (4*d)"
q

no > -inteccepty

2
Ry = (b-l-l)
Ya
¢) Use the information above to sketch /
2 0+2)? 1.5
the graph of 9(x + 1) —T=—I. :

(— 1,1) >
("'"l—l)' X

Complete Assignment Questions #1 - #9
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Assignment

1. Determine the equation of the given hyperbola after the transformation.

. ‘ . x-92 y?
a) Determine the equation of the image of the hyperbola T R 7 T 1
after a translation 12 units up and 5 units left. a 2
x5 X 45 (bessy-a)* _ (9 =12 1 (e-by (g1

y > y-I12 a5 Iy 3> L4 I
2 2
b) Determine the equation of the image of the hyperbola -J;— = Q_-l%%)_ =1
after a horizontal stretch about the line x = 0 by a factor 3.
1
\ | 1 1 1 1
x23x () (D e,
;9 I6 a0 X, -(.h__*n |
31 16

2
¢) Determine the equation of the image of the hyperbola (x — 1)%- .2’— =-1

4
after a vertical stretch of factor 2 about the line y=3. - o
T ceatre (1,0) =1 b=2 | 424y Hlloued by
it ’
l}k " +he th\'rt(l.b) 13 3 umdis below 9y=3, h 2y L
l T ogtec e strebeh 4wl be 2(3) = 6 unks below | Y ? 3+U-N32 W2 y+3
at (1,-3) b=y = G5 e -
The vertieal , bb-cnchrl ckaasts b feom 2 (x-‘)t ) l; =
+o 1(1) " a \i hackm\stﬁa. '?: i
A ]
[ ~N) _{b-_k-)'-_ - (1"'01 - (5*3) =-| (x_na_(bﬁ) . -
ot bt |6 Ib

_ 52 2
2. Consider the hyperbola with equation (x645) _v ;13) =1L =% b=9 k=5 k=-3
a) Use transformations to describe how the graph of this conic section can be

obtained from the graph of the hyperbola x? — y% = 1.
X -)l‘ % Jix)a- (-!i .;‘)a' \ Roryzontal sl:reiok 55 a fachir pf 8
% a chout +he h-axls verticel s'Jchah

> = x*
Y7 qY L - o =\ \»5 afackor of § about Hhe x-axi}

x> %5 ; bt_:_s.)‘__ @:l followed by @ ¥ranslation S uarks crght
y24h+3) w8 aok 3 warks down .
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- S + 3)?
b) Determine the following features of the graph of x ) _Y 31 ) =1. ) (
iii) coordinates of vertices

\ i) centre ii) length of transverse a}us
)_(5:3__( (5'_3\ 2+8 = 1( (-%,-3) anil (13,-3)
L iv) domain V) range vi) slopes of the asymptotes
- 2 +h. +8
3 or x2]3 Y€ R - 3

¢) Use the information above to sketch yn

x-5° (y+3)

the graph of 7

(-‘3“3) '(s'_;) (I;;—})x

A\ 2

3. A hyperbola has vertices at (=7, 0) and (7, 0). One of the asymptotes has a slope - 3
Find the equation of the hypcrbola in standard form.  tenlre (0,0) \

a=T slope:= 3 . b= }b (bbk) _1/ =
) a* 2 2
;‘}5 t=0) _ (a) X - by o=y
be 32 .2 Tt @by Wi L
a

4. A hyperbola has vertices at (-3, 2) and (9, 2). The asymptotes have slopes of 3.
a) Find the equation of the hyperbola in standard form. Centre (3 ) \ [
b o ¢

- = _" 1 = 2
G=0 S‘ZPC i (’)(":\) -—(ﬂb:‘) = | H.n} (3,2) \(q'a)
- = Q
g~ 3 1 1 2 2
pu Bk RO DT A s
bed ’ £ i 36 L
b) The hyperbola is stretched horizontally by a factor of 3 about the line x =9.
! Determine the equation of the transformed hyperbola. or
1 cemhe('.a,‘-l) qz(,}b:l x—)’x Followed 55
x> x4 (FOL

] q _c'l_ =
Fhe centre it b umds lefd of x 9 ot PN +(.- -11‘[) x>A-3

3, ,
r et he ceadee 18 5(6) = Leum¥s lefd
after the stretch  4he centce 1t 3() hety (3 -3) L) »

|
x=9

‘ﬁ o (5.2 Sb . \
+he horrzoatal etch by qd(or 3 Chanses y

Q -an\ G 'h’ 3L0 L|- b Ij hatkknﬁ!‘ (_L(;E_ﬂj L)(bl 3\-1{(‘1"
- g

B I

Q b L (xj\ UL}) l
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a
) - (19 A

5. Consider the hyperbola with equation 16(x + 2)? — 4(y — 6)> =—1. Uy

]
l
, _ a= 'y b2 he-2 "kd, _
a) Use transformations to describe how the graph of this conic section can be obtained

from the graph oflthe hyperbola 32— y2 =_1. I

X2 Lx (Ll'*)a‘(-’j) s hofizontal streteh 55 e factor of 38 bout

5=y “i"lojl’ -l he y-oxis verhial shretoh by a factor
2 1 of 3 about thex-exis | followed by a

i"’:"' a(.l IG{X+1)-L{5-6)= —,- +canslehion & umis left and b umis up

Y 2Y-

b) Determine the following features of the graph of 16(x + 2)% - 4(y - 6)2 =-1.

’ ) i) centre ii) length of transverse axis iii) coordinates of verticess

1 , _ -1 N 12

a0 -a,6) 24% =) (2, L)and (-2, )

‘{1'. iv) domain v) range vi) slopes of the asymptotes
e 2 1.3. o L .'t ',2 H '.‘.'

/
¢) Use the information above to sketch Y

N

the graph of 16(x +2)% — 4(y — 6)® = 1. . \_15) /
N33
. e

S AON

6. A translation of p units right and g units up can begescxibed by the ordered pair (p, q)? x
a) Determine the equation of the hyperbola O ;02)2 - % = 1 after a translation described
by the ordered pair (1, -5). : I m 51& . B down X
x> - ((5+5)"J)_ S (4+3) _ ()L--l)a -
oYt 5 50 as 50 25

b) If the point P(5, 12) lies on the original hyperbola, determine the coordinates of 7/, the
image of P, under the transformation in a).

(5'|1) | right ((v.—')
5 doun
¢) Determine the slopes of the asymptotes of the hyperbolas in a) and b).

Q) Ga'—ls bl= S0 S\or@i% :.-_I-‘é_ﬁ. Y

S
a:=5S b= {Eb =252 .
b) Since b) 15 @ transiation of @ +he Slope also = X
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J\(ll|l1|(lmllliL 7. A hyperbola has asymptotes with slopes i%. If the vertices are (0, —8) and (0, 8) the
equation of the hyperbola is cealee (0,0) (0.5)
0,
2 2 b . L b:3 \T/
x y© 2.2
& sp—ier=l u% 3 (0.0
2 2 . b
X _ & Y
T 3 . o>
c. 2.2 hastlle X sl o
9 16 azb 6, b,
D xz y2 e 5... - - "'"
- 9 "1™ 1t Lk
. oo -8 (-2 ..
8. The domain of the quadratic relation 7 - 1is "/
1 1
A. x<-20ov.x26 (x-2) ..(h_'_!) 2 )
L bk
B. x<0orx24 ' P
0"“‘ Etvﬂ5 a veckical axy
C. x<4orx20
xe R
Numerical 4 2 - 1)
g 9. The slopes of the asymptotes of the hyperbola (x;— 0" _0 ) L . 1
are + k, where k> 0. The value of k, to the nearest tenth, is
(Record your answer in the numerical response box from left to right) Al [0
“ -
u: H ?: L = q b‘ 5 -1 -
c 2
3 :
0 -5_ L 3

S\br:s are 22 k=2
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Answer Key
—4)2 _1? 2 2 2

1. a) x-4° _ 06-127 _, b) X _ 042" & (x—1)2—M=_1
25 144 81 16 16

2. a) horizontal stretch by a factor of 8 about the y-axis, a vertical stretch by a factor of 9 about the x-axis,
followed by a translation 5 units right and 3 units down.

b) i) (5,-3) ii) 16 iii) (-3,-3)and(13,-3)
iv)x<-3 or x213 v) ye R vi) i%
5, 2 _ &%
49 441
—-3)2 -2 _ 52 _ 2
s @) (x-3)" 0-2) - b) x-35" © 2)=l
36 4 16 4

1 1
5. a) horizontal stretch by a factor of 1 about the y-axis, a vertical stretch by a factor of 3 about

the x-axis, followed by a translation 2 units left and 6 units up.
b) i) (-2.6) i) 1 i) (-2, ) and (2, )

iv) xe R , v) ysilery> L vi)

0+3?* -1 _

= 51 b) (6,7) c) /2

6. a)

7. B 8. D 9. 2 . 0




Conic Sections Lesson #7 .
Applications of Conic Sections

Sometimes mathematicians have a habit of studying topics to keep their skills sharp or just for
fun. At the time, some of these topics may appear to have little practical us, but then many
years or even centuries later, these topics turn out to have great scientific value.

Appollonius’ study of conic sections is such a topic. His work with conic sections a large
number of applications in our current society.

* Bodies projected upward and obliquely to the pull of gravity in nature (such as the path of
a golf ball after it has been struck by a golf club, the design of a headlight of a car or
enlarger bulb) and the design of parabolic mirrors in telescopes may be approximated by
a parabola. The largest parabolic mirror used in a telescope (approximately 6 m in
diameter) is located in the Caucasus mountains of Russia and was built in 1967.
However, a company, UPC, is currently building a telescope with a parabolic mirror
of 10 m in length in Europe.

* The path of Halley’s Comet, the light path of lithotripsy (a medical procedure for treating
kidney stones), and many building designs all follow the path of an ellipse.

* Planes or ships at sea may use LORAN, a navigation system which uses electronic signals
in a hyperbolic path to determine the location of a ship or plane. Circular cones intersected
by a plane parallel to the axis such as sharpening a pencil or a sonic boom shock wave
from a jet follow part of the path of a hyperbola. A hyperbolic path is also used in
building designs such as the Saddledome in Calgary.

A special enlarger bulb is designed to enlarge photographs from a 4 x 5 enlarger so that the
reflector takes the shape of a parabola if viewed from its side. The diameter of the reflector is
6 cm and the depth of the reflector is 2 cm.

Find the equation of the parabola in standard form if the vertex of the parabola
is located at (0, 0) and it opens to the left.

eﬁl\e{'tor\ \10-r+Lt -rorm )("}\ = a(b*k)

5 - -
A (-13\ n vertex 13 (0,0) o h: 0 k=0
Y
X T QY
dionihes (0,0 — The pn;ed (-1_ 3) liey oa +he rarebo\q
bem ' % 1\
2) —2:=a(3
'H' -1 : fa
|— 4
depth . _{

lt.I

(’.Cihc-h.on 14 X=

X

3

Dfw
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equidistant from both islands.

For security reasons, a military plane is designated to fly curved air routes to transport top
secret material across the ocean between islands. During one of these flights a pilot is
instructed to fly part of a hyperbolic path between two islands passing over an oil rig

If the domain of the flight path is {x lo<x< 40} and the range is {y |-150 < y <150}
determine the equation of the hyperbolic path in standard form, where a = 10.

domm'n 0 Ext L0

places the ongiaat the oll rg.
Cange =150 =4 =150 2 1 A
=D _(5-0) . sland A(L0,150)

\\\ner‘oo\a 1y of the form "3 :

\{ a- 10, the centre of +he \vﬂ;uh\q 15 10km ef4

cukt!l 40 km
of the sl mgat (-10,0) so h=-10, k:0

Island B (10, - 150)

QLHb\ _.h_‘_ el replace (hOJ |50) wdo $he l1ulﬂlon_ (0,0)
p—— = N a
100 b (Lo+ib) I_5_9_‘=‘ 25— 33500
160 b? ’ b v
. 18715
2= 30 gptaases BT

L'l.
Complete Assignment Questions #1 - #5

. a
Equaton (X+10) _ i{ _
joo 1815

Assignment

1. Use the information from Class Ex. #2 to answer the following.

a) As an alternate route, a pilot is instructed to fly a parabolic path between the islands
passing over the oil rig. Determine the equation of the parabola in standard form.

vectey of parebela is(0,0) equetion 13 of the form X-h: a(g-k)‘

hz0 k:0
(0,0) X =abl
replace (hb_ 150)

- 1 n
Lo*: 3(150) equaten X = “_;-l-é Y
Lo: 2250%&

1128

2

b) As a third alternate route a pilot has been instructed to fly a semi-elliptical path with

centre (40, 0) between the islands passing over the oil rig.
Ui- 0 150) Determine the equation of the semi-ellipse in standard form.

R ceanlee (Lﬂ.b) ‘rfbﬁ\ the d\qynn eﬂluc'hon 18 of +he form
Miso, h=ho k:0 a:Lo b:150
0240

R (]

& 1 LS a
(40,0, (x-L9 4 (-9 ., e-u0) L 9 =)
‘ Lo* 150" b0 22500

e, ('
at b
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¢) The coordinate system is changed so that the centre of the ellipse in b) is (0, 0).
How can we use the answer in b) to determine the new equation of the semi-ellipse?
Determine the new equation of the semi-ellipse in standard form.

The centre has moved from (10,0) 4o (0,0) & +ranslabion LOkm left.
Replocing x by x+40 1 the ansuer o B) will guwve +he new equahion

iy 2 1 1 1
(X'H"'o 140) P | e SIS I
| bOO 22500 1660 32500

2. A competitive ice skating facility is to be designed for the upcoming championships within
a 120 m x 90 m wide rectangular area. The design committee is considering a design with
semi-circles at each end of the rectangle.

kuH'mE_#_“s_) semardes heve @ diameter of Dm S0 Hhe
/: :\ rodwms vs LSm,
_ﬂ"; 18 Ot : - : 30
L @) ¢ AB : 120 -2(kS) *30m
\: : wh(-15,0)  8(15,0)

0Om

a) Determine the equation, in general form, of both semi-circles using the origin at the
centre of the rectangle. State the domain and range for each semi-circle.

[ef4 sem -arele
cea’m( -150) cadws : 45

ri5ht sem -ciecle
Cendee (IS 0) redws 45

LX h\ b k) domoin (x. :_.) q-_b_ = |
b {x]-404x4-15 x€R3 LS" s’
'I"l \ + L rm\st [J( ‘5) +b L"s
L5t L'y |-u5Ly LS yeR) x 501+22‘5+3 22025
L:ms) vy x* +1"-30%-1300 * O

X +30x+4225 w 2025

domein : 2 [15%x 460, x€R}
Xty 4301800 O

const 1 § y| =45 53 215, 3&23

1

ar bt 60 Ls*
L) (bo,0)  cenhee (0.0) hr0 KO X 9.
Feom the dicgram @260, bk5. 3,00 3025
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3. A bridge with a curved arch support is to be constructed over a small river. The curved arch
support of the bridge is to be 10 metres high and 16 metres wide.

a) If the origin of the coordinate system is taken at the extreme left edge of the curved
support, determine the equation of the curve in standard form if it is to be constructed

in the form of;

i) asemi-ellipse Qﬂ,un.-h;n i _}S-* (b_k)t B (?: \0)
centee ( €,0) Oy i) 1
" L '
“§ R (:_'i.-...g.:.) +.5_=\ _“9.'“’ l
3 (o_ o). (8,0) (14,0)
5 E—I\lb—m>
equahion '8 (_)l_j)_ ra = T
___(,Ll. 10D
ii) a parabola. equahon w-k = a(x- L (8, 10)
vecker( §,10) y-10 = a(x- g)
replew (O,D) ®-\0: 0(0 '3)
-\p °® —RS( ‘;L) (0 | o) -
equahpn 13 Yoo (x g)
iii)the lower branch of a hyperbola where b = 4. o 4
veckes (8,10) kb bl . centee (8 11)
so centre (8 1k)
: 2 " (%,10)
Eﬁha-\'\nn (x-h) _ (b-k) = -)
ot LY
x-%) [y .o\ (0,0)
o’ Lt
1
I'{P\ﬁl! (0.03‘0-%)1 = 0""-{) _.\ eﬁhq-hu“ l.s ( ) o= ]lf) = —\
ot b 15(’}115 "‘:
el _ 19k .y 4 Al
a’ T }_,,5|x-%) _ (b “-l) =
th . b5 5a=250 . A5k e
* L 1. 256
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b) A loaded rectangular barge 7 metres high above the water and 8 metres wide will be
travelling under the bridge after it is constructed. Determine which of the three curved

arch supports in a) will allow the barge to pass safely under the bridge. Calculate the
clearance in each case to the nearest tenth of a metre.

Prssume +he barge pasies uader Fhe ceadee of IRt arch,

Rt x =L the value of b must be geeater than 7,

| SO N
Semi- ellipse
3 1 L 5: =\ - +/300
(ﬂ)+_b_ e | ""+|Du : R
bk " IDD‘ S . % £or sea-elpxt Y = (1__{', :Es :9.6b
Al S . 200
L 1] Ut £ "E:

Semi -elhpie wll allow Hhe barge do pess sefely. Cleerance g.6L-1
* 1. Tm (neaced death)

Pora bola

2
y-10= "= (x-8)
S 2 Pafaboln will al\sw the barge 4o pass scrﬂb .
Aix:k, 4-10° 'ﬁ[h"@
S Clearence = 7.5°1 ¢ 0-5m
y-10:"%
by = 1.5
kjett*ola
! 3 y-1y + {0
L5(x-8) - (3w, _,
T © Iy 20T
156[ . e ei:6.d } Yeath)
' 3 € o (A e
Adx s b 5(4-%) - (5_'_"") i=) for lower braneh 4 © Il =461 (neacest Ten
ase b
&i% ) (b;_‘l.b\ £ = H“,gr\m\o. Wi\l pot allow Yhe barge b pass sefely .

L5 -~ (D'HS =1k Feus by 0-8m

bl = (:)-ur)L
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4. When the XL-17 jet breaks the sound barrier, the shock wave that is produced at the surface
of the earth is hyperbolic in shape.

Determine the equation of the hyperbola in standard form if the slope of one of the

asymptotes of the hyperbola is —= - the centre is located at (0, 0) and the vertex is located

at (~1500, 0). > h k. J
’ Slope = : : -b’: eguction 15 of Heform (xal:) (b%") =)
-3¢ =2b " ) 5 P
a=1500 ~4{158) e I_';;" 2':-5'0\
00 e W0 : :
(0,0) b+ 2250 X - Y =\

1250000 5pgasSoo

S. The Musical Arts Entertainment company is
constructing a bandshell to obtain a high
quality sound for it musical shows. m
The bandshell is to be constructed in a
hyperbolic shape as shown. 12m

e Centre of hyperbola (0 2 )

(b=1)
Vertex (0, 0)

T

S5m

Using the vertex as the origin determine the Hyperbolic Bandshell

equation of the hyperbola in standard form.

| Stage

State the domain and range. 30m (
15,~5)
Ql-]un-huﬂ 15 of the Form (JC ‘\) L) : =\ | ( )
a? Aud:cnce . y-1)
x - 225 _ Ihb .. .
:z (3__73 : =1 ot ey I domaia Exl-lS&xElS'xeR;
L §
replace [IS.-S) 1_5: ..("5"1)=_‘ 3_1_5 . &.f"‘ reaye 53\"5&550. bERs
&' b9 : " a 1035 2205
11035 a*® 95
Answer Key 468 . !
2 5 (1“40)2 y2 12 }'2
‘ =—=_y2 p = = =
=1 P e T ose ! ) Te00 * 22500
2. a) Leftsemi-circle x? + y2 + 30x — 1800 = 0 Right semi-circle x% + y? — 30x - 1800 =0
Domain: {x|-60<x<-15 xe R} Domain: {x|15<x<60, xe R}
Range: {y|45<y<45 ye R} Range: {y|—45<y<45ye R}
2 2
) s id s
3600 2025
(x- 8)2 y? 5 45(x—8)% (y-14)°
3. =1 ii) y=10=——(x-8)2 = -
N D= 100 } y-ll=ep =9 W—=cs 16 :
b) Ellipse: yes by 1.7 m Parabola: yes by 0.5 m Hyperbola: No by 0.8 m
4 R =1 si’rz—-@_—ﬂz-ln in: {x|-15<x<-15,xe R
" 2250000 5062 500 " 2205 ag ) Domaim: {x|-15sx<-15,x€ R}

Range: {y|-5 <y<0,ye R}

Copyright © by Absolute Value Publications. This book is NOT covered by the Cancopy agreement.



Conics Lesson #8:
Conver tlng From General To Standard Form

Warm-Up #1

Quadratic relations, or conics, can be written in two forms:
o general form:  Ax*+ Cy?+Dx+Ey+F=0, where A, C, D, E, F, € I.

or
AV _ 102
* standard form: (x. b + o=k =1
a? b2
y — k= a(x — h)?
x—h=a(y-k)?

In order to convert equations of conics sections from general to standard form we will apply
~ the method of completing the square learned in earlier math courses.

Completing the Square

Recall the instructions shown used for the method of completing the square.

Step 2 Step 3 Step 4

Take half of the
numerical
coefficient of

Add the squared
number in step 2

Simplify and °
write in
to both sides of | factored form.
the equation.

leading coefficient

out of the x2 term
and the x term.

the x-term
and square it.

Consider the equation x?+ 10x - y+16=0.
a) Convertx® + 10x — y + 16 =0 in standard form.

X +10x 125 =y 416 * O 425
(e+s) = y-16+2s

y+4- (X-!S)i

b) Verify the answer in a) use a graphing calculator to graph both equations.

¢) Use the standard form to determine the domain, range, and vertex of the parabola.
LY
§-k = a(x-h) vertey (-5, )
a
y+9 - x + 5) doman X ER

cange fg,“z—q'beR] Lea)
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Consider the quadratic relation with equation x%= 3y:2 - 10x —24y-59=0.
Convert the equation to standard form and determine the vertices of the conic section.

x*-10x -3(yi+3y ) =59
x*-10x +25 -3(yt+3y 4) 751 +5 -3(k)
e-5)" -3(,+u‘=3n
x 5) h) = ‘\“trlwlﬁ LI
36 (bﬁ | (5.-4)
cen-h't[S,‘ll-) at=3L e=0

verhiees (-l,-hﬁ and ( “,'L}-)

Class Ex. #3

The equation 9x? + 25y — 108x + 150y + 324 = 0 represents an ellipse.

a) List the following general characteristics of the graph of the ellipse

* centre * vertices
e domain and range * x- and y- intercepts

§(x-1ax ) +a5(yatby ) 7 33
g(x'-12x 430) + 25( iy ¥q) = TIA +9(36) +25(9)
q(x-6)" +25(y+3)" = 225

SR LO

B gt ass heb gk o5
S R
Centre (Q,'ﬂ X, 40 yood - x20
vechees (1.°3) antt ( 11,~3) Gy 108533240 26,4150y 4324 70
domaia x| lﬁxﬁll.xsﬂl q(x*-12x436)%0  quedce::
fange iﬂ-&ﬁb‘:o,bek} ‘i(:l—t)i=0 ‘3’"‘5°im0
X-iabectept b x=b

50

no w - jatecce {r no real coots

b) Use these results to sketch the graph.

A
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The equation 2x? + 2y% + 16x— 5y +8=0 represents a circle.

a) Convert the equation to the form (x — k) + (y — k)* = r2.
1_5 - -

Q(x% 8 x ) + 1(5 ; =5 ) % 1_5.)

A(x*+gx+16) 4 1(3 gy +35) < -8 32(1) va(%

1[:{+L‘.)z+ a( ) : 3‘1

pee) + [y a -.‘—-

b) Determine the centre and radius (to the nearest tenth).

cendee ( ~ 1, %) el '1:—-2 r: @I:'.I.J redwt = 3.7 (neaces] hm‘h)

Complete Assignment Questions #1 - #9

Assignment

1. Convert the following equations to standard form and determine the type of conic that each
represents.

a) x>—6x-y-10=0
%"= +9 =y -10: 0 +19
(x-&)lz § +o +9

2
b“'\"l‘ (1‘33 Pcrabo\a.
b) x?+3y%+10x-30y+91 =0
x'yiox 4 3(5’-”35 y & -9
%+ 0x +25 +3(b‘-loj”5) = -9) +25 4+ 3(25)

(3&-1»5):L + 3(5-5)" = 9

l)l;S) 5—5) l Q“i.u
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¢) 16x2—y%—96x+8y+112=0 _
lo(x'-bs ) = (9°-8 ) -2
Jo[x -bu +9) - (o -85 #8) = -12 +16(9) -/t

/L[.)E-3)2 - (y -4)4 2 16
12

(JC--S')-z - (Q:.Z.'.) = }\j’fa{’ri‘sb’/t}
/6 '

d) 2> —x+20y-47=0
——:.'(5‘—;03 ) = X 44T
| -—-;1(172-403 +.75) = X +4T —J(JS)
~-:!(5“5)4 F a3 1
5% ~3 = -Q(b-S) fgarobcfa

e) 4x?-y%-24x+52=0
Llai=tx ) =y = 751
L x-bx +9) ~g = =8 + 4(9)

h(x—B')A—g'l - =/

2
(Jii) = _JZ_Q =~ J\bpe.rboia
L /b

2. Find the centre and radius of each circle.

a) x2+y2—8x——6y+9=0 b) x2+y2-'4x+3y=0

.)('1_8,,( -+‘52“gj : -9 p z".l,-)i *52"35

X =B+l * Jz—éj*'? 2 =9*Y - Ll +b2.,3\5 4;_
2 2

(e-2) *(y+ 2)° -

be-p)t # (-3 L

Centre (4, 3) Centee (2, "‘23')
rediiy = 4

»w

f‘ad;uj =

=0

g

Ly

3
%
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3. Consider the conic section with equation 3x% — 6x +y —9 = 0.
a) Convert3x? — 6x + y =9 =0 to standard form.

3(x*-2x ) = -y d (1,12)
3(x-2x4) = =539 130 /\
RIS A 4 (15
3 (a-1) ) .
y-12 = - 3(x-)
b) Determine the domain, range, and vertex of the graph of the conic section.
doman x €ER  range Y 212 yecker (1,12)
¢) Find the x-intercepts and y-intercepts and sketch the graph. YA (I.Il)
b =0 20 =0 q
- 3e-1) - g3
L)l "I\z-'l-r Y Jakerccpt o9 < —_—
s &y J”‘ 3\ aC
X~ =75 ;
Xinkeruptst = laed3 v

4. Consider the equation 16x2 + 9y2 + 192x — 36y + 468 = 0.
a) Describe the series of transformations applied to the graph of the unit circle x* + y2 = 1
which would result in the graph of the equation 16x? + 9y? + 192x — 36y + 468 = 0.

b(x"412x ) +8(y'-ny ) -ul8
o (12 +36) + q(y* Ly ¥1) - -LERHI6(30) ¥

1 1
]L(>(+f) +°'(:?-J) * Ik X‘;'"Ii" 1‘;+_hj =\
x+&" L (H-D, h> %Y b :
T poart @O
]

5 e
l'runzonlc:l Sﬁe&h 1”_‘) a fackor of 3 Q“d' abuaihcql .S‘h'(l‘c-h bb o Fector of by
Lollowed bb a tcansiation b ontds le £4 ond 2 waiks up .
b) Determine the following general characteristics of the graph and sketch the graph: . |b
* centre * vertices * domain and range (-, 2)
* the length of the horizontal diameter ~ + x- and y- intercepts (to the nearest tenth). L

Centre (-8,3) Vechiee s f—-(,, -2) el (--(:»I G)
domﬁ;n -"75-31-‘:-3 renge “3&55(9
iensll\ of horv2ental daneber = 2 ¥ 3 = G

.-;D
x-=0 Jﬂ——— +r
‘ 2 x+6)* L d4b: —IN e
w0t BEe k] : :
% ib

l_J_f_*_l_')L-. : % ')’-lﬁtfﬂ-{p‘} '3.14"“3'{‘9

-
. -3 T,

1— —
noy-inkercpt  Xt6) T
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Choice

WEWMENS.  The centre of the circle with equation x? + y2 + 2x — 2y-25=0is
A.
o Y

2. 2) B. (2,-2) (-1, 1) D. (1,-1)
x4+ | 4 9‘-15“ : 25 +) 4\
[acu)" + [5-1)‘: p g | centee(-1,1)

6. The vertex of the parabola with equation y* — 8x—-6y—-7=0is
1 -
o (_2,3) 3 'Lb +q .%l+1+q

C.
D.

3,-2) (3,—3)’L : Bx+lb
(4,3) (y=3)* Blasd) centet (-2,3)
(3,-4)

(Y- k) = e(x-h)

7. The centre of the ellipse with equation 4x% + y2-8x+4y-8=0is

LN 8. The equation x% - y2 —4x + 8y — 21 = 0 can be written in the form

4,2  x-ax )‘"Ja“'b -3

A.
B. (4,-2)  L(x'-2x ) 4y hy g + L) +h
C. @-1 L (x-1)? +b+:) 214 ) ,) +(~)_.)

Th
R

x*- ~lx + L = (y =3y 416) = 21410

(1,-2)

( x — h)?

cendet(1,-2)

a2

e value of & + k, to the nearest tenth, is

_o-k?

32 = 1.

ccord your answer in the numerical response box from left to right) (, =

0

-2y - (y-8)' < Q =2) (5u) 1 b2

)

9. The circle with equation x? + y% — 5x — 7 = 0 has a radius of k units.
The value of k, to the nearest hundredth, is

(Record your answer in the numerical response box from left to right)

a? 25 LI as
+ 45 =7 +
X5 L 0 1 b radiuy: {-'l:.'

k=L

hk: 6

-5\ 1 .53
— + = —
P‘ ’) 9 b4 le: 3.64
Answer Key , ,
+5 = :
1. a) y+19=(x—3)2parabola  b) x - )4 & - Y w1 ellipss
_a2
¢) (x-3)2%- o=9" _, hyperbola ~ d) x—3=-2(y—-5)? parabola
16 . S
2 2 .
o) S0 Y hyperbola 2. a) centre(4,3) radius4 b) centre (2, —>) radivs
4 16
3. a) y-12=-3(x- 1)2 b) domain: xé R  range: {yly<12,ye R}  vertex (1, 12)
¢) x-intercepts are —1 and 3 y-intercept = 9
4. a) horizontal stretch by a factor of 3 about the y-axis and a vertical stretch by a factor of 4 about
the x-axis, followed by a translation 6 units left and two units up.
b) centre (-6,2) vertices (-6, -2) and (-6, 6)  domain: {x|-9 <x<-3,xe R}
range: {y |-2<y<6,ye R} horizontal diameter =6 x-intercepts are —8.6 and-3.4 no y-intercpt
5. C 6. A 7. D 8. 6 ; 0 9. 3 6 4




| Class Ex. #1

Conic Sections Lesson #9:
Degenerate Conic Sections and Summary

Degenerate Conic Sections

Consider the equation 4x> + 4y% + 28x — 20y+74=0.

a) Which conic section is suggested by the equation? Circle

b) Rewrite the equation in standard form.
L(x*+7x ) +1,._(b’-'55 ) x 5l 5is
(T Y 0 (g2 By 0 2E) = Tk k() + %)

Lr(){+%)141*(h_§1')2: . ()c+l)1-+tb~%)1=0

c¢) In what way is the equation in b) different from the usual form for a circle.
fighd side = O oot | (:-e cadur = O)

d) A circle degenerates to a point when the radius is equal to zero.
Solve the equation in b) to find the coordinates of the point represented by the equation.

(-2, &)

Consider the equation 9x2 — 16y2 +72x - 64y + 80 = 0.

a) Which conic section is suggested by the equation? h Yper bola
b) Rewrite the equation in standard form.

?{xl-f'gx ) “fé/jzf‘L‘j ) s - 80 .
9 x*+ 8x +16) -16(32*4‘5 v4) = ket 9(1¢) = 1i(+)

G(x+4)" - 16(y+a)" = 0

¢) In what way is the equation in b) different from the usual form for a hyperbola.
righd side = 0

d) The degenerate of a hyperbola is two intersecting lines.
Solve the equation in b) using a difference of squares to determine the equations of the
two intersecting lines.

9(es)’ = 16(573) 2 I+l < — ks d I+ Lst8
3(xt%) ° - 4/5”) Ix thq+20 70 Joc ~hy th -0
3x+d * 2 (/rj +4)
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Equations of Degenerate Conic Sections

Circle

Ellipse

Hyperbola

Parabola

Equation Primary or Degenerate Conic Graph
x*+ yz =1 circle circle
x*+y?=0 degenerate of a circle point

x% +y% =-1 degenerate of a circle no graph

Equation Primary or Degenerate Conic Graph

2 2
x : >

SR S 1 ellipse ellipse
a’? b?
%2 y?
—+==0 degenerate of an ellipse point
a2 B2
X2 P
— +—7=-1 degenerate of an ellipse no graph
a 2 b 2
Equation Primary or Degenerate Conic Graph
2 2
X
i i—i = %] hyperbola hyperbola
a
2 g2
i -b— =0 degenerate of a hyperbola two intersecting lines
a
Equation Primary or Degenerate Conic Graph
Ax*+ Cy* +Dx+Ey+F=0
bol bol
with A or C (not both) =0 s BT
Ax?+Cy* +Dx +Ey+ F=0 degenerate parabola one straight line
withA=C=0
two parallel lines
Ax? +Dx+F=0 or
or degenarale perdbola one straight line
Cy’ +Ey+F=0 no grl;aph

Complete Assignment Questions #1 - #5
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opens right, A?n. x=y%) or FFU (g x=-%)

CONIC Generation of Degenerate General Form Standard Form
Conic Section Conie bﬁu+@u+ck+hv.+m..ho. h.ﬁ...U..N.m..m.ﬁ
: _ G-W+O-Bl=r
If A = C, then the conic is a circle. or
Circle G=n o=k,
2 2 ’
a a
* ceatre (A, k)
If A # C and they have the same sign Qlan+c...5~u—
i (i.e. AC>0), the conic is an ellipse. a® b2
pse ;
_ * For ical ellipse, a® < b2
. It |4 > | | then it takes the shape  vertical elipse, o<
Conic is ot point or no graph « For a horizontal ellipse, o> b2,
Ewﬂnsnﬁasﬁsn If |A| < | C| then it takes the shape S ST
— | sencratorangle : ;
: If A and C have different signs * Opening along the x-axis
— m (i.e. AC < 0), then the conic is a hyperbola. (x—h2 (y—k?
Hyperbola N e o g hemind)
% Two - If A and C are interchanged, . ]
Y intersecting lines |2nd F remains constant, : * Opening along the y-axis
—— " | the direction of opening will change. —-8)? - k)2
, pening will change GoB_o-pt_
Conic is cut at an a b
b
S fewsppatal”
* centre (h, k)
m i If A or C, not both, equal zero, then the conic is a parabola. | « Opening up or down
M y—k=a(x— h)?
S Parabola : IfA#0and C=0, then the parabola R G
Single line
pmJ Ab.cmnnnw_muanna opens EU.C?F u:uunw or noﬂn.) (eg. y thu.__ * Opening left or right
Conic is cut at an two parallel lines, £ 2
m. angle equal to the single line, or [f A=0and C+#0, then the parabola x—h=aly-k)
g generator angle no graph) » vertex (h, k)
s
=
"]

Complete Assignment Questions #6 - #11
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Assignment

1. Consider the equation x> + y% — 6x + 8y+25=0.

a) Which conic section is suggested by the equation? circle
b) Rewrite the equation in standard form.
2 - . 2 g 2= 38
X —bx +y t8y
x-bx 9 -t-b:*gb-'rlé 2 —25+9+1L

(x_“l +(b &4)1 =0

¢) Solve the equation in b) to determine the degenerate conic represented by the equation.
poiat (3.~ Ll-)

2. Consider the equation 25x2 + 9y2 + 50x — 36y + 61 =0.

a) Which conic section is suggested by the equation? el pse

b) Rewrite the equation in standard form.
as(x e ) +aq(yi-uy ) = -6l
;15('3(2+:),(+l) e 3(31_1‘.] +,+) : ~£L1 +25‘(:) f‘i(j,.)

25 (a+) + a(y-2)t 0

or
L’inz + (*‘?__f)l= 0
4 3%

¢) In what way is the equation in b) different from the usual form for an ellipse.
right side = Q

d) An ellipse degenerates to a point. Solve the equation in b) to determine the coordinates
of the point represented by the equation.

Po:n-l (-—l , .‘l)
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3. Consider the equation 4x* — 36y? + 16x — 288y — 560 = 0.

a) Which conic section is suggested by the equation? Lb pec bela

b) Rewrite the equation in standard form.
L(x +hx ) =36(y +8y ) 560
(s v hert) =36(y + 8y t16) = Seo +h(k) ~36(1¢)
L (242)" =3e(yrR)t =0

¢ l><_’£)2-(-,w)’ : 0

c¢) Solve the equation m b) to determine the degenerate conic represented by the equation.

(XN\ (b”') :u.‘!--}(bﬂe\ 3{+2-3(b L)
q 42 =3¢=12 X327 3412
42 | 4 ; _ -t
=5 = “Lb”\‘). X +3j+“'r. )(—35 0 =0

N I *‘3(5 11'5 tn*?“ﬁ-""\s Imés

4. Consider the equation 4x% + 49y% + 20x — 392y + 809 = 0.

a) Which conic section is suggested by the equation? € |l llp e

b) Rewrite the equation in standard form. .
4[3(14-53( ) +La(vy' =8, ) = —809
L+(y:‘+5n+%f) +M(51‘3’5+lb) c-goq +h(AT) +L5(10)
L(x+2 ) *L‘? (9 - L.)

o (_\’r-—) (g_—,t:} . B

¢) Solve the equg'tlon in b) to lc_:[etennine the degenerate conic represented by the equation.

Pbm* (#% ) Ll-)

YMGEYS. Which of the following equations represents a degenerate parabola?

Choice )
@ 2x2-2x+100=0  nedeminy
. 2x+2y%+100=0
C. x%2-2y-100=0
D. —x?-2y+100=0




538 Conic Section Lesson #9: Degenerate Conic Sections and Summary

6. IfAx%2+Cy?-1=0 represents a circle 7. Which equation represents a
and A = 10, then vertical ellipse?
A. C=0 A:=C @ 4x2-2y2+100=0 |Al 7|c}
C=10 B. x2+2y2-100=0
C. C>10 C. —x2+2y%2-100=0
D. C<10 D. x2-2y2+100=0
8. A hyperbola degenerates into 9. If A=0and C= 2 in the equation

Ax%+ Cy%+ 8x+ 10y—34=0
then the curve is a parabola opening

A. one point left 2334.%; +105-3J+ =0
B. oneline B. right 8y : _.Jb‘ SEne
3 8
C. two Pamllel l'mes | C. down of 4he form % = -9y ’)
@ two intersecting lines D. up
10. A quadratic relation is defined by 11. The equation 2x%+ 5y2 - 10y +40=0 .
Ax?+ Cy’+ Dx+Ey+F=0. represents a conic section formed by a e“‘f‘“
If none of the parameters are zero the plane intersecting a double-napped
only shape that is not possible is cone at an angle
A. acircle A. equal to the generator angle
B. ahyperbola greater than the generator angle
C. anellipse C.  less than the generator angle
aparabola needsAorC =0 D. perpendicular to the axis
Answer Key
1. a) circle b) (x-3)2+(y+4)?%=0 ¢) the point (3, —4)
‘ x+1)?  ¢-2)° s .
2. a) ellipse b) 5 + s =0 ¢) right side of the equation equals 0 and not 1
d) (-1,2)
2
3. a) hyperbola b) (x—“;zl ~(y+4)2=0
c) intersecting lines x— 3y — 10=0,and x + 3y+ 14 =0
512
. x+3) -4 i i
4. a) ellipse b) ® + P =0 ¢) the point (=3.4)
5. A 6. B 7. A 8§. D

9. A 10. D 11. B
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